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Soft magnetic composites (SMCs) are a promising alternative to laminated steel in many electrical engineering applications. This is
largely owing to their low level of eddy current (EC) losses. The electromagnetic behavior of SMC in electromagnetic devices cannot
be easily predicted using standard numerical techniques, such as the finite-element (FE) method, mostly due to the computational cost
required to model the material microstructure. Another difficulty lies in the high contrast between matrix and inclusion properties.
In this paper, we propose a homogenization strategy to estimate EC losses in SMC. It is based on the calculation of a homogenized
complex magnetic permeability. The imaginary part reflects the EC losses, while the real part describes the standard magnetic
permeability. The complex permeability approach is applied to SMC with fiber or spherical inclusions. EC losses obtained from the
complex permeability approach are compared with FE calculations, with very satisfying agreement.

Index Terms— Cubic lattice, effective properties, heterogeneous materials, magnetic behavior, Maxwell Garnett (MG).

I. INTRODUCTION

THE microstructure of soft magnetic composites (SMCs),
consisting of ferromagnetic inclusions embedded in a

dielectric polymer matrix, is at the origin of the low level
of eddy current (EC) losses observed in these materials when
they are subjected to electromagnetic loadings. This is why
they are considered as a promising alternative to laminated
steel, for instance, in motors [1]–[4].

In order to design electrical machines using SMC as
magnetic material, the optimization of material properties
is crucial. There are two dominant points to consider. First,
a high magnetic permeability is required. Pure iron or
Fe-alloys are then good candidates for the particle material [5].
Second, low EC losses are needed, and can be achieved
because of the dielectric coating, which significantly cuts
down the induced EC. Epoxy is often chosen as the matrix
material. These constituents exhibit a very high contrast
both in electric conductivity and magnetic permeability.
This high property contrast is a serious challenge for
homogenization techniques developed in order to deduce the
effective properties of heterogeneous materials. However,
these homogenization techniques are required to design
optimal electromagnetic devices based on SMC.

SMC can be viewed microscopically as a periodic layout
of inclusions embedded in a dielectric host matrix. The
problem of determining the effective properties of periodic
composites was first considered by Rayleigh [6]. He proposed
a formula for the effective conductivity, based on a series
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expansion with coefficients determined from the rectangu-
lar lattice structure of the periodic pattern. But this model
requires huge computation capacity to deal with the infi-
nite sums involved. With the emergence of high-performance
computing systems, Rayleigh’s model [6] was discussed and
extended [7], [8]. New approaches have also been proposed
using complex analysis, based on the biperiodicity of elliptic
functions on regular arrays of inclusions [9], [10]. These
latter methods avoid the issue of summation of conditionally
convergent series arising in Rayleigh’s formula and provide an
exact expression for the effective property tensor of composites
with parallelogram lattice pattern. Nevertheless, these models
are limited to 2-D configurations, since elliptic functions
cannot deal with 3-D periodic problems.

Powerful computing capacity also enabled the rapid devel-
opment of numerical strategies. One of the most commonly
employed is the finite-element method (FEM). FEM provides a
full-field approach to solve electromagnetic problems. Detailed
information about the field distribution can be retrieved all
over the study domain. Effective permeability, as well as
losses, can then be post-processed. But in the case of SMC,
the microstructure has to be finely meshed, and the brute
FEM approach can bring significant numerical burden and
instabilities. FEM homogenization techniques [11]–[13] have
been introduced to tackle electromagnetic problems with dif-
ferent scales. The main idea is to replace periodic microstruc-
tures of composite by an equivalent homogeneous material.
The equivalent homogeneous material can then be used in
standard structural analysis tools, with a reduced numerical
complexity. The properties of the equivalent homogeneous
medium can be obtained through numerical computation. Vari-
ous strategies derived from standard FEM have been proposed
[14], [15]. These methods reduce the computational time
and resources to a certain extent while maintaining accuracy.
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Nevertheless, these numerical methods still have the drawback
of not being very flexible, for instance, for parametric studies
that require multiple numerical computations. In addition, very
high property contrast is difficult to address unless specific
numerical techniques are used [15], [19]. Thus, it is crucial to
develop new models for EC losses in SMC.

Semi-analytical homogenization [16] can be particularly
suitable for SMC. The obtained equivalent homogeneous
properties can be used in standard structural analysis
tools. In the case of periodic microstructures, the asymp-
totic expansion technique [17], [18] can be used. But
it requires heavy calculations of high-order correctors so
as to attain high precision for local fields. Homogeniza-
tion with second-order correctors can lead to inaccurate
results [15].

An alternative branch of homogenization is mean field
approaches. These analytical or semi-analytical techniques
have, for instance, been developed for the determination of
the effective magnetic permeability of ferromagnetic poly-
crystals [20], [21]. Analytical homogenization strategies have
also been used for the determination of the effective per-
mittivity of composites for shielding applications [22]–[24].
Préault et al. [24] developed a dynamic homogenization
model (DHM) to extend the usage of homogenization models
to a wide frequency range by introducing the ratio between
the typical size of the microstructure and the typical length of
the electromagnetic wave. DHM provides accurate results for
shielding applications. Nevertheless, DHM, being an extension
of Maxwell Garnett (MG) model [25], is confined in scope
of usage to composite materials with low property contrast.
Besides, although this model contains frequency information,
it is inapplicable to determine EC. Indeed, these analytical
or semi-analytical models pour attention only on the effective
constitutive properties and do not provide an insight into losses
characteristics of composites.

This paper presents a homogenization technique to esti-
mate EC losses in composite materials with high contrast in
constituent properties. It is based on the use of a complex
magnetic permeability. Complex properties can be used in
electromagnetic applications to describe dissipation. A thor-
ough review of homogenization models for dielectric behavior
using complex permittivity can be found in [26] and [27].
The 2-D and 3-D cases have been numerically explored in
detail. The complex effective permittivity depends on the prop-
erties of each constituent, on their volume fraction and on their
spatial arrangement [28]. In an analogous way, complex per-
meability is a useful tool to handle high-frequency magnetic
effects, particularly for transformer applications [29], [30].
Power dissipation is directly reflected in the imaginary part of
the complex permeability [31], [32]. In the case of SMC at low
frequency, when the induced magnetic field can be neglected,
there is no time lag between magnetic flux density and
magnetic field. In this respect, the imaginary part of complex
permeability should be considered as zero. However, EC losses
are present—as long as the frequency is not zero. Thus, an
imaginary part can be introduced into the magnetic perme-
ability tensor so as to reflect EC losses. This paper focuses
on the estimate of EC losses for SMC with linear behavior.

Other types of losses, such as hysteresis losses and excess
losses, are not considered.

In the first part, the definition of EC losses is briefly
recalled, and the specificities of complex permeability tensor
application are explained. In the second part, a strategy to
handle these specificities is detailed, defining an effective
complex permeability tensor for SMC. Finally, the results on
EC losses are presented and compared with the FEM results.

II. COMPLEX MAGNETIC PERMEABILITY FOR EC LOSSES

A. Definition of EC Loss Density

Consider a magnetic core (domain �) subjected to a mag-
netic field of frequency f . An induced electric field E appears
in the conductive material with conductivity tensor ¯̄σ , which
further gives rise to EC losses in the material. The EC loss
density U is defined as the Joule losses dissipated per unit
volume during a wave period

U = 〈E∗ ¯̄σE〉
2 f

(1)

where the superscript “∗” refers to the conjugate transpose
operator. The operator 〈·〉 denotes a volume average over the
domain � by 〈·〉 = (1/V )

∫

V · dV , where V is the volume
of �.

B. Complex Permeability Tensor

The complex permeability tensor μ̃ (μ̃ = ¯̄μr − j ¯̄μi) can be
used as a mathematical tool to represent a dissipative magnetic
material. In this paper, we propose to use this complex per-
meability tensor to describe the effective properties of SMC.
The real part is the usual magnetic permeability tensor, and
the imaginary part reflects the EC losses.

Consider a homogeneous and linear material of permeability
tensor μ̃ excited by a harmonic magnetic field H(t) = H0e jωt

(H0 is the magnetic field magnitude and ω is the angle
frequency). The induction flux is B(t) = μ̃H0e jωt . As in the
case of transformers at high-frequency range [32], the energy
loss density in a period of time T is

S = 1

2
�

(∫ T

0
H∗(t)

dB(t)

dt
dt

)

(2)

where the operator �(·) takes the real part of a complex
number. This equation can be simplified into

S = πH∗
0
¯̄μi H0 (3)

(see Appendix A for the detailed proof).
Applying successively the magnetic field in different direc-

tions, and setting U = S, the components of tensor ¯̄μi can
be obtained. Thus, heterogeneous anisotropic materials can be
homogenized as a virtual homogeneous material. This material
has a complex permeability tensor containing effective mag-
netic behavior and lossy features of SMC. In Section III, the
tensor ¯̄μi is built considering two simplified configurations
for SMC.
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Fig. 1. (a) 2-D sketch of cubic lattice of spherical inclusions or square
lattice of fiber inclusions. The domain confined by dashed lines 1–4 forms an
elementary cell of periodic pattern. (b) 3-D view of cubic lattice of spherical
inclusions (case 1). (c) 3-D view of square lattice of fiber inclusions (case 2).

III. COMPLEX PERMEABILITY FOR SMC

SMC consists of inclusions surrounded by an insulat-
ing film. In this paper, attention is focused on two sim-
ple microstructures: cubic lattice of spherical inclusions and
square lattice of fiber inclusions, as shown in Fig. 1. The fiber
inclusion problem can be reduced to 2-D. Only circular cross
section of fiber is considered.

Besides, in the following discussion, isotropic constituents
are considered. The loading consists in a harmonic magnetic
field at low-frequency range. Thus, the skin effect and the
induced magnetic field are negligible. There are two steps to
determine the complex permeability tensor. First, in the case
of a single inclusion embedded in an infinite medium, the
magnetic field in the inclusion is uniform. EC loss density is
deduced as a function of this uniform field. Second, we intro-
duce an imaginary part in the effective complex permeability
tensor, related to the loss density.

For dilute SMC (low concentration of inclusions), each
inclusion can be treated as in the single inclusion case. But
as the volume fraction of inclusions increases, the internal
field inside each inclusion is distorted by the neighboring
inclusions. Under such conditions, the uniform field of the
single inclusion case is replaced by the average field in the
inclusion. EC loss density and imaginary part of complex
permeability tensor are thus estimated.

A. Simple Case: Uniform Field in the Inclusion

If a magnetic inclusion of ellipsoidal or cylindrical shape is
placed in an initially uniform magnetic field—and neglecting
the induced field—the magnetic field H inside the inclusion is
also uniform [33]: H = Hi e jωt . Considering a nonconductive
surrounding medium and an isotropic permeability μ and
conductivity σ for the inclusion, the induced electric field E

in the inclusion can be deduced using the following balance
equations:

{ ∇ × E = − jωμH
∇ · (σE) = 0.

(4)

By substituting the induced field E into (1), the EC loss density
can be further obtained

U = π2 R2 f σμ2H∗
i

¯̄K Hi (5)

where R is the radius of the sphere or cylinder, and ¯̄K is
a shape factor tensor: ¯̄K = (1/5) ¯̄I for spherical inclusion

with ¯̄I the matrix identity and ¯̄K = �((1/2), (1/2), (1/4)) for
cylindrical inclusion with �(·) representing a diagonal matrix
(see Appendix B for the detailed proof).

Substituting (5) into (3) by U = S leads to the following
definition for the imaginary part of the inclusion permeability
tensor:

¯̄μi
inc = π R2 f σμ2 ¯̄K . (6)

Consider now the SMC material as a representative elemen-
tary cell containing an inclusion and its surrounding matrix.
This cell has spatial periodicity. The properties of the inclusion
are denoted with the subscript 2 and the properties of the
matrix with the subscript 1. Although EC occurs only in the
inclusion, the macroscopic EC (flowing in the matrix) being
negligible, the idea of effective tensor is developed from the
perspective of the whole representative cell.

For dilute SMC where the volume fraction v2 of inclusions
is sufficiently small, the magnetic field inside the inclusion
can still be viewed as uniform. For biphasic composites,
with effective magnetic permeability tensor ¯̄μr , the average
field 〈H〉2 in the inclusion is given by [34]

〈H〉2 = 1

v2(μ2 − μ1)
( ¯̄μr − μ1

¯̄I )〈H〉 (7)

where 〈H〉 is the average field over the whole cell. The
effective magnetic permeability tensor ¯̄μr can be retrieved
using MG estimate [35]

¯̄μr = μ1
¯̄I + v2μ1(μ2 − μ1)[μ1

¯̄I + (1 − v2)(μ2 − μ1)
¯̄N]−1

(8)

with the depolarization tensor ¯̄N = (1/3) ¯̄I for spherical inclu-

sions and ¯̄N = �((1/2), (1/2), 0) for cylindrical inclusions.
The EC loss density U2 in the inclusion can be written as

a function of the—uniform—magnetic field in the inclusion
(H2 = 〈H〉2)

U2 = π2 R2 f σ2μ
2
2H∗

2
¯̄K H2. (9)

From the perspective of the whole composite material, the
EC loss density U is then

U = v2U2. (10)

Combining (3) and (7)–(10) with U = S gives the following
expression for the imaginary part ¯̄μi of the complex perme-
ability tensor of the composite material:

¯̄μi = v2π R2 f σ2μ
2
1μ

2
2

¯̄K [μ1
¯̄I + (1 − v2)(μ2 − μ1)

¯̄N]−2.

(11)
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B. Nonuniform Field in the Inclusion

For SMC with relatively high volume fraction v2 of inclu-
sions, the field in the inclusion cannot be considered uniform
anymore. Equation (9) cannot be readily deduced as in the
single inclusion case. Nevertheless, the assumption that (9)
is still applicable is made, replacing H2 with the average
field 〈H〉2 within the inclusions. Therefore, the EC loss density
estimate for the whole composite becomes

U = v2π
2 R2 f σ2μ

2
2〈H〉∗2 ¯̄K 〈H〉2. (12)

Equation (7) can still be applied to calculate 〈H〉2. However,
as the volume fraction v2 increases, MG estimate brings unac-
ceptable inaccuracy for the definition of the effective magnetic
permeability (real part of the effective complex permeability
tensor). This definition must then be revisited. In the special
case of cylindrical inclusions with an applied magnetic field
along the cylinder length, the magnetic field in the study
domain is uniform, as long as the frequency is sufficiently low
(no skin effect). In such case, Wiener estimate [36] provides an
exact formula to compute the corresponding component of the
effective magnetic permeability tensor. In other cases, ¯̄μr has
to be calculated either by FEM computation or by series
expansions [8], [10]. The latter provides a high precision
estimate if sufficiently high-order terms are computed (see
Appendix C for equations).

For high volume fraction configurations, considering no
overlapping between inclusions—consistently with SMC
microstructure—macroscopic EC can still be neglected. There-
fore, (10) is still applicable. Given ¯̄μr , combining (3), (7),
and (12) with U = S leads to

¯̄μi = π R2 f σ2μ
2
2

v2(μ2 − μ1)2
¯̄K ( ¯̄μr − μ1

¯̄I )2. (13)

Equation (11) is only a particular case of (13), where the
effective magnetic permeability (real part) is taken as the MG
estimate. Tensor ¯̄μi is proportional to the frequency f , to the
inclusion conductivity σ2 and also depends on the magnetic
permeabilities μ1 and μ2 of the constituents, on the volume
fraction v2, size R, and shape factor tensor ¯̄K of the inclusions.

Finally, the complex permeability tensor μ̃ for an SMC
material is defined as

μ̃ = ¯̄μr − j
π R2 f σ2μ

2
2

v2(μ2 − μ1)2
¯̄K ( ¯̄μr − μ1

¯̄I )2. (14)

The real part represents the magnetic behavior of the com-
posite, and the imaginary part offers an immediate approach
to calculate EC loss density, by (3). It must be noticed that an
accurate estimate of the effective magnetic permeability tensor
¯̄μr is required to define the effective complex permeability ten-
sor μ̃. Two critical points have to be studied in order to assess
the validity of the approach: the first one is the applicability
of (12) for high volume fraction materials, and the second one
is the accuracy of the prediction of EC losses obtained from
the complex permeability tensor μ̃. This assessment will be
performed in Section IV using FEM computations.

TABLE I

MATERIAL PARAMETERS USED IN THE CALCULATIONS FOR SMC

IV. VALIDATION USING FEM COMPUTATIONS

The problem of 2-D SMC with a magnetic field applied in
the normal direction has been discussed thoroughly [37], [38].
At low frequency, the magnetic field is uniform in the domain,
so that (12) is an exact formula for EC losses in the inclu-
sion. In this simple case, the effective magnetic permeability
(real part) is obtained from the Wiener estimate, which also
provides in that case an exact value. Therefore, the required
validations concern the spherical inclusion case (later referred
to as case 1), and the case of cylindrical inclusions with in-
plane loading (later referred to as case 2). These two cases are
associated with more complex field distributions, and require
more advanced homogenization techniques.

To carry out this validation, FEM simulations have been
performed on a unit cell of SMC, as described in Fig. 1(a),
for different volume fractions v2 at different frequencies.
The cell size L1 (lattice length) is fixed to 50 μm. The
average flux density over a cell is imposed at B0 = 1 T.
FEM calculations are conducted with the commercial software
COMSOL Multiphysics. The software runs on a workstation
equipped with 4-core Intel Xeon CPU at 3.7 GHz and 128 GB
memory. Vector magnetic potential A formulation is employed.
For boundary conditions, the magnetic flux is imposed on
two surfaces, and perfect magnetic conductor determined by
n × H = 0 and n · J = 0 is imposed otherwise.

For case 1 computations, for symmetry reasons, only half of
the unit cell is modeled. The magnetic field is directed along
the z-axis. A 3-D mesh made of hexahedral elements has been
used. The mesh is constituted of approximately one million
elements. The computation time is about 300 s. For case 2
computations, the magnetic field is applied along the y-axis.
A 2-D mesh made of triangular elements has been used.
The mesh is constituted of approximately 3 × 104 elements.
The computation time is about 2 s. The material properties
used for the constituents are given in Table I.

The total EC loss density Un and the average value 〈H〉2n

of the magnetic field in the inclusion are post-processed (the
subscript n refers to a numerical FEM result). 〈H〉2n is intro-
duced into (12) to get the EC loss density approximation Ua .
The comparison between Ua and Un indicates the validity of
the average field assumption in (12).

In the following, the effective magnetic permeability (real
part) is calculated according to the series expansion given in
Appendix C. The EC loss density estimated by the homoge-
nization model is noted Uh . It is obtained analytically from (3)
after the complex permeability tensor model has been used.
The comparison between Un and Uh indicates the validity of
the proposed model. This comparison has been performed for
different concentrations of inclusions and different values of
magnetic permeability for the inclusions.
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Fig. 2. EC loss density as a function of inclusion volume fraction evaluated
by full FEM computation (squares), by approximation (12) using the average
magnetic field obtained by FEM (circles), and by the proposed analytical
formulation (line). (a) Cubic lattice of spheres: magnetic field loading along
the z-direction (case 1). (b) Square lattice of fibers: in-plane loading field
along the y-direction (case 2). For all calculations: frequency f = 100 Hz,
lattice size L1 = 50 μm, μ2 = 4000μ0, μ1 = μ0, σ2 = 1.12 × 107 S/m,
and average flux density B0 = 1.

Fig. 2 shows the EC loss density as a function of the
volume fraction v2 of the inclusions, in both case 1 (spherical
inclusions) and case 2 (fiber inclusions and in-plane magnetic
field).

As expected—since the flux is imposed—EC losses increase
when the volume fraction of inclusions becomes higher.
At low volume fraction, the average field assumption and the
analytical formulation are consistent with the FEM results.
As the volume fraction increases, discrepancies arise. These
discrepancies can be attributed to two main causes. The
first is the assumption used in relation (12) that the average
magnetic field within the inclusions can be used to estimate
the EC losses. The second is the definition of the complex
permeability tensor μ̃ based on the proposed homogenization
model. These causes can be studied separately by considering
successively the estimates Ua and Uh for EC losses.

Fig. 3. Errors on EC losses attributed to the average field assumption
in (12) as a function of volume fraction v2 for different frequencies.
(a) Cubic lattice of spheres: magnetic field loading along the z-direction
(case 1). (b) Square lattice of fibers: in-plane loading field along the
y-direction (case 2). For all calculations: lattice size L1 = 50 μm, μ2 =
4000μ0, μ1 = μ0, σ2 = 1.12×107 S/m, and average flux density B0 = 1 T.

A. Average Field Assumption

The error related to the average field assumption is
defined as

ηa = Ua − Un

Un
× 100%. (15)

Fig. 3 shows the evolution of ηa as a function of the volume
fraction v2 for the two studied cases at frequencies from 10 Hz
to 10 kHz.

The error level increases with the volume fraction v2.
At low volume fraction, the errors tend toward zero, which is
consistent with the dilute approximation with quasi-uniform
field inside the inclusions. On the other hand, as the volume
fraction increases, the field distortion becomes more and more
significant, and the error ηa increases. Fig. 3 also shows that
for the studied cases, (12) underestimates the losses. At low
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Fig. 4. Errors on EC losses of the proposed homogenization
model as a function of volume fraction v2 for different frequencies.
(a) Cubic lattice of spheres: magnetic field loading along the z-direction
(case 1). (b) Square lattice of fibers: in-plane loading field along the
y-direction (case 2). For all calculations: lattice size L1 = 50 μm, μ2 =
4000μ0, μ1 = μ0, σ2 = 1.12×107 S/m, and average flux density B0 = 1 T.

frequency (lower than 1 kHz), the error does not depend
on frequency. For higher frequencies, the induced magnetic
field cannot be neglected anymore. The induced magnetic field
reduces the level of the whole magnetic field leading to a
reduction of the losses in the numerical computation. This
reduces the difference between Ua and Un , because the average
field approximation tends to underestimate the loss level. This
effect explains the reduction of the error observed at high
frequency.

Overall, the average field approximation brings errors lower
than 5% on the EC losses estimate, which validates the
applicability of (12).

B. Effective Complex Permeability Tensor

Another source of error in the full homogenization approach
is the definition of the complex permeability tensor that adds

Fig. 5. EC loss density Uh evaluated with the proposed approach (lines)
for cases 1 and 2 and corresponding FEM results Un (dots) as a function of
the permeability contrast between matrix and inclusions. For all calculations:
f = 100 Hz, lattice size L1 = 50 μm, R = 24 μm, μ1 = μ0, σ2 =
1.12 × 107 S/m, and average flux density B0 = 1 T.

up to the error discussed in Section IV-A. The total error of
the model is defined as

ηh = Uh − Un

Un
× 100%. (16)

Fig. 4 shows the evolution of ηh as a function of the volume
fraction v2 for the two studied cases at frequencies from 10 Hz
to 10 kHz.

The trend on the error ηh is very similar to that of ηa .
The definition of the effective complex permeability tensor
just increases the general level of error, approximately by a
factor 2. This increase in the error level could be reduced to
almost zero by increasing the order of the series expansion
used to calculate the effective permeability (see Appendix C).
But this comes to a higher computation cost.

The level of error is also a function of the permeability
contrast between matrix and inclusions. The matrix mag-
netic permeability is kept as μ0. The error being frequency-
independent at low frequency (see Figs. 3 and 4), the
frequency is fixed at f = 100 Hz. The radius R for
the inclusions is also fixed at R = 24 μm correspond-
ing to a volume fraction of 46.3% for spherical inclusions
(case 1) and 72.4% for cylindrical inclusions (case 2). The
EC loss density as a function of the permeability contrast
between matrix and inclusions is given in Fig. 5. The cor-
responding error ηh is given in Fig. 6. The EC loss density
increases with the permeability of the inclusions. It reaches
a saturation value when the permeability contrast is greater
than 100.

These results show that, when the permeability contrast
is high, greater than a few hundreds, the error remains at
a very stable level, lower than 6% and 3% for case 1 and
case 2, respectively. As the contrast decreases, the error
decreases, which is expected because the distortion of the
magnetic field inside the inclusions is higher when the con-
trast is higher. In other words, the average field assumption
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Fig. 6. Errors on EC losses of the proposed homogenization model as
a function of the permeability contrast between matrix and inclusions for
cases 1 and 2. For all calculations: f = 100 Hz, lattice size L1 = 50 μm,
R = 24 μm, μ1 = μ0, σ2 = 1.12 × 107 S/m, and average flux
density B0 = 1 T.

is getting more and more appropriate when the contrast
is low.

V. CONCLUSION

In this paper, a homogenization strategy for SMCs is
proposed. The purpose is to define an effective complex per-
meability tensor representative for the behavior of the material.
The real part of this tensor reflects the magnetic behavior of
the composite, while the imaginary part reflects the EC losses.
This imaginary part is proportional to the loading frequency
and depends on the magnetic permeability tensor of each
constituent of the composite, on the inclusion concentration,
on the size and conductivity of the inclusions, where ECs are
generated, and on the spatial arrangement of inclusions, which
eventually determines the magnetic field distribution within the
structure.

Based on the study of a single inclusion in an infinite
medium, the case of dilute heterogeneous materials is deduced,
and the general case of composites is extrapolated from
this approach. As a result, EC loss density in SMCs is
described using a homogenized complex permeability tensor.
The approach is compared with the FE results, and the
observed errors are of the order of 5%. It is worth noting
that the approach requires accurate estimates of the effective
static magnetic permeability tensor of the composite material.
It is found that the approach tends to underestimate the EC
loss density compared with the FE results, and that the errors
are frequency-independent for frequencies below 1 kHz.

The microstructures considered in this paper are not fully
representative for real SMC, and limit the filling factors
that can be achieved. Higher filling factors, hence, more
complex shapes for the inclusions must be considered. The
same approach remains applicable, the keypoint lying in the
determination of the effective magnetic permeability and of
the average magnetic field in the inclusion. This is part
of a work in progress, and further comparisons with FE
computations will be carried out.

Fig. 7. Phase shift between B and H, forming an ellipse in a period time.
The area of this ellipse is the energy density during one time period.

APPENDIX A
ENERGY DENSITY

This Appendix is the proof of (3), recalled hereafter, giving
the energy loss density for a homogeneous and linear magnetic
material under sinusoidal excitation

S = πH∗
0
¯̄μi H0. (17)

Consider a homogeneous and linear material of permeability
tensor ¯̄μr excited by a harmonic magnetic field H(t) = H0e jωt

(H0 is the magnetic field magnitude and ω is the angle
frequency). Locally, the magnetic behavior of the material
is given by B(t) = ¯̄μr H(t). There is no hysteresis loss in
magnetic linear materials. For quasi-static magnetic fields,
the phase shift between B(t) and H(t) is negligible. If we
introduce an imaginary part in the permeability tensor, B(t)
and H(t) now exhibit a phase shift, as shown in Fig. 7.
In a period of time, B(t) and H(t) form an ellipse.
The area of this ellipse is the energy density during one period.
We can make use of this energy density to represent the EC
loss density. Consider a complex magnetic permeability tensor
μ̃ = ¯̄μr − j ¯̄μi , where ¯̄μr is the usual material magnetic
permeability tensor. The area of the B-H ellipse is directly
connected to the imaginary part of the complex permeability
tensor, so that ¯̄μi can be assigned to the description of the EC
loss density.

To obtain the area of the ellipse, a classical integration is
performed over a period of time T

S = 1

2
�

(∫ T

0
H∗(t)dB(t)

dt
dt

)

= 1

2
�

(∫ T

0
H∗

0e− jωt jωμ̃H0e jωt dt

)

= 1

2
�(

2πH∗
0( j ¯̄μr + ¯̄μi )H0

)

= πH∗
0
¯̄μi H0. (18)

Equation (3) is finally retrieved. This result can also be found
in [32].

APPENDIX B
SHAPE FACTOR TENSORS

This Appendix gives the proof for the expressions of the
energy loss density in single inclusions embedded in an
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Fig. 8. Cylindrical and spherical coordinates.

infinite medium. The main aspect is the definition of the shape
factor tensor ¯̄K as a function of the inclusion shape. Three
cases are treated separately: spherical inclusion, cylindrical
inclusion with in-plane loading, and cylindrical inclusion with
normal loading. The shape factor tensors for spherical and
cylindrical inclusions are deduced from these calculations.

A. Spherical Inclusion

We consider cylindrical coordinates (ρ, φ, z). The magnetic
field is applied along the z-axis. Since the magnetic field
(H = [0, 0, H0]t ) is uniform within the sphere (radius R),
the induced electric field rotates around the z-axis. Consid-
ering a cross section � normal to the z-axis, the equation
∇ × E = − jωμH is solved in the domain �. We have

1

ρ

∂(ρEφ)

∂ρ
= − jωμH0. (19)

Then, considering Eφ = 0 at the center of �, we obtain

Eφ(ρ, φ, z) = −1

2
jωμH0ρ. (20)

This field E(ρ, φ, z) is then transformed from cylindrical
coordinates to spherical coordinates (r, φ, θ ), as indicated in
Fig. 8. The electric field is then expressed as

E(r, φ, θ) = −1

2
jωμH0r sin θ �uφ (21)

where �uφ is a unit vector.
Therefore, the loss density can be expressed as

U = 〈E∗ ¯̄σE〉
2 f

= π2

5
R2 f σμ2 H 2

0 . (22)

This result can also be found in [39]. Using the symmetries
of the problem, the shape factor tensor for the sphere is then
defined as

¯̄K = 1

5
¯̄I. (23)

B. Cylindrical Inclusion (Circle) With In-Plane Loading

We consider a Cartesian coordinate system x Oy, and
a circle with center O and radius R. The magnetic field
is applied along the y-axis. Since the magnetic field
(H = [0, H0, 0]t ) is uniform within the circle, and considering
the z-invariance of the problem, the induced electric field E

is directed along the z-axis. The equation ∇ × E = − jωμH
is solved in the circle to obtain the electric field

E(x, y, z) = − jωμH0x �uz. (24)

This electric field E(x, y, z) is then transformed from
Cartesian coordinates to cylindrical coordinates (ρ, φ, z)

E(ρ, φ, z) = − jωμH0ρ cos φ�uz . (25)

Hence, the loss density is

U = 〈E∗ ¯̄σE〉
2 f

= π2

2
R2 f σμ2 H 2

0 . (26)

C. Cylindrical Inclusion (Circle) With Normal Loading

The previous configuration is kept, but the loading field is
now normal to the plane (along the z-axis). The magnetic field
H = [0, 0, H0]t inside the circle is still uniform. The equation
∇×E = − jωμH is solved in the circle to obtain the following
expression of the electric field:

E(ρ, φ, z) = −1

2
jωμH0ρ �uφ. (27)

Hence, the loss density is

U = 〈E∗ ¯̄σE〉
2 f

= π2

4
R2 f σμ2 H 2

0 . (28)

This result can also be found in [37]. Synthesizing
(26) and (28), the shape factor tensor for cylindrical inclusion
can be written

¯̄K = �

(
1

2
,

1

2
,

1

4

)

=

⎡

⎢
⎢
⎢
⎢
⎣

1

2
0 0

0
1

2
0

0 0
1

4

⎤

⎥
⎥
⎥
⎥
⎦

. (29)

APPENDIX C
DETERMINATION OF THE EFFECTIVE MAGNETIC

PERMEABILITY (REAL PART)

For cubic lattice of spherical inclusions or square lattice
of circular inclusions, the effective magnetic permeability can
be accurately determined using series expansions [8], [10].
The accuracy depends on the order of the terms of the series
used for the practical calculation. In the case of spherical or
circular inclusions, because of spatial symmetries, the effec-
tive magnetic permeability is isotropic. It is denoted by μr .
The approximation used in this paper leads to the following
expressions for μr :

⎧

⎪⎪⎨

⎪⎪⎩

μr =
(

1 + 3v2

γ (v2)

)

μ1 (sphere)

μr = 1 + λ(v2)v2

1 − λ(v2)v2
μ1 (circle)

(30)

where

γ (v2) = −1/R1 − v2 + 1.3045R3v
10/3
2 + 0.0723R5v

14/3
2

− 0.5289R2
3v

17/3
2 + 0.1526R7v

6
2 + O(v7

2) (31)
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with

Rn = n(μ1 − μ2)

(n + 1)μ1 + nμ2
(32)

and

λ(v2) = α + 0.305827α3v4
2

+ α3(0.0935304α2 + 0.0133615)v8
2

+ α3(0.0286042α4 + 0.437236α2

+ 0.000184643)v12
2

+ O(v16
2 ) (33)

with

α = μ2 − μ1

μ2 + μ1
. (34)

The theoretical foundations for these expressions can be
found in [8] and [10].
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