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Abstract— The paper presents the snap-through of a bistable
system using piezoelectric (PZ) actuation. The bistable system
consists of a pre-buckled beam fixed between two jaws. The
bistability and snap-through of the beam are modelled using
two approaches. An analytical model is first implemented.
The results are compared to a full finite element simulation.
These modelling approaches are used to find the optimal
positioning of the PZ patches used for switching. The PZ-
actuated snap-through is then modelled using both an analytical
equivalent moment model and finite element simulations. An
experimental validation setup is developed accordingly. The
validation addresses all aspects of the modelling : bistability,
snap-through and PZ-actuated snap-through. For the latter two
configurations were studied, namely a switching actuated by a
single PZ patch or by two patches. A remarkable agreement is
found between both modelling approaches and experimental
measurements. The proposed analytical modelling tool can
be used for rapid pre-design of bistable devices. It is for
instance shown that a centimeter-scale steel-device with an
initial transverse displacement about 1 mm can be switched
with a few-Newton force or alternatively with a few hundreds
of Volts using a PZ patch.

keywords: Bistable systems, piezoelectric actuation,
buckled beam

I INTRODUCTION

Bistable systems exhibiting two equilibrium states
separated by an unstable transition region [1] are the
simplest illustration of multistable systems. Systems that
exploit buckling are promising for bistability application,
notably because they are easy to realise and can be
two-dimensional. A buckled beam can switch from an up-
position to a down-position, and vice-versa. This switching
is called snap-through [2][3]. It can take place under purely
mechanical action, as well as through thermal, electrical or
other stimuli.
Several techniques exist to obtain a uniform curvature after
buckling [4].
Bistable systems are used in many applications such as
switches [5][6][7], microgrippers in microbots [8][9],
or haptic feedback devices [10]. Vibrational energy
harvesting is also one of the applications of bistable buckled
systems [11]. Bio inspired robots like trap-jaw ants as well
as origami robots that detect, decide and react use bistability
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principle [12][13]. Bistability is also used with metamaterial
to fabricate stable mechanical memories [14].
A structure can buckle and give a bistable system, just as
the system can be bistable by design [15].
PZ materials can be interesting candidates to switch
bistable systems. The use of PZ materials, e.g., in small
displacements generation applications (under high voltage
levels), leads to good controllability of the actuators and
high resolution, reaching the nanoscale [16], with very
fast response times. The electromechanical conversion
is increasingly improved nowadays [17]. It takes place
silently and with a negligible magnetic field (compared
to conventional electromagnetic solutions). Operation at
cryogenic temperatures is possible even if the performance
of the actuators is lower at low temperatures. PZ materials
can operate at high temperatures without failure. Their usage
temperature range is limited though by their Curie point TC,
about 160◦C − 350◦C for ferroelectric ceramics [18]. The
lifetime of these materials is relatively high, with very low
consumption, especially in static use [19].
PZ materials bounded to a buckled beam can be used to
operate the bistable system, which switches from one stable
state to another [20][21]. An advantage of this approach
is to create large displacements (buckling) from small
piezoelectric strains.
Different types of piezoelectric materials, such as ceramics,
micro-fiber composites or polymers can be used to actuate
passive structures [22].
This paper investigates the design of a bistable system
actuated by PZ actuators, and not just with an external
punctual effort without discussing its source [23].
In a first part, the governing equations for the buckling of a
beam are recalled. Then, the snap-through under the action
of a force is modelled and the results are validated using
a dedicated experimental setup. Finally, the snap-through
under the PZ actuation is modelled and the results are
similarly validated using a dedicated experimental setup.

II BUCKLED BEAM

Buckling is an abrupt appearance of a change in shape
in a direction different from that of the applied loads.
Buckling often leads to the ruin of structures. However,
it can be used to dissipate energy, or create very flexible
structures [24][25]. This phenomenon is an instability
because it contains an unstable equilibrium, and is difficult
to predict because it is very sensitive to geometric or
material imperfections, and to boundary conditions.



The aim of this first part is to study in detail a
bistable structure consisting in an axially compressed and
buckled single beam, with a view to use it later under
piezoelectric actuation. The purpose is to demonstrate that
first, this chosen system is bistable and then characterise
it mechanically to understand its properties and the levels
and location of forces that need to be applied to exploit its
bistability.

In order to obtain a buckled beam, a basic configuration
is a double built-in elastic beam. The beam has one end
fixed, the other end can move axially (along x axis) under
the effect of a force. An axial force P is applied to the
movable end. This leads to the displacement δ of this
extremity, and consequently the appearance of a transverse
displacement D when P exceeds a threshold value. Once the
desired displacement D0 is obtained, the supporting device
is fixed.

The default set of parameters in this section for the
numeric applications in analytical modelling, finite element
modelling (FEM) and experiments are summarised in table I.

Beam Parameter Unit Value
Young modulus Eb GPa 210
Thickness tb mm 0.3
Length lb mm 50
Width b mm 10

TABLE I: Dimensions and material parameters used for
the FEM of the beam buckling and bistability study. The
parameters are shown in Figure 1. b is the beam width in
the space third dimension (not shown in the figure)

II-A Analytical modelling

The entire study is conducted in accordance with the
fundamental assumptions of beam theory. First, Saint-
Venant principle is considered: the results are valid only at
a sufficiently large distance from the region of application
of the external mechanical actions. Second, according to
the Navier-Bernoulli hypothesis, the sections normal to the
mean line remain flat and normal to the mean line during
deformation.

The extremity axial displacement δ can be decomposed
into two parts (δ = δe + δb): δe related to the elasticity of
the beam and δb which generates the central deflection D.
The critical axial force, at which the transverse displacement
appears, and corresponding to the critical value δ crit

e , is
denoted by Pcrit:

Pcrit = k.δ crit
e ≃ AbEb

Lb
δ

crit
e (1)

where k ≃ AbEb
Lb

is the beam stiffness constant (N.m−1),
Ab = btb the section (m2), Eb the Young Modulus (Pa) and

Lb = lb +δ the initial length (m) of the beam.

The various variables involved are (Figure 1) : axial force
P, axial displacement δ and central displacement D. The
study hypotheses are:

• small displacements with regard to the length of the
beam D

Lb
<< 1

• elastic behaviour of materials
• (C1C2) part of the beam after buckling is a sine branch
• only the first buckling mode appears

Fig. 1: 2D buckled structure (length lb, width b, thickness tb
and Young modulus Eb). The axial force P allows to reach
an initial transverse displacement

Figure 1 shows a 2D view of the buckled system after
axial compression, with the addition of the thickness tb and
the material parameter Eb of the beam.

The expression of Pcrit as a function of beam parameters
is demonstrated by Timoshenko [26]:

Pcrit = 4π
2 EbI

L2
b

(2)

and δb, the quantity responsible for the appearance of the
transverse displacement D is given by:

δb =
π2D2

4Lb
(3)

Figure 2 shows the transverse displacement D as a
function of the axial displacement with its two components
δ = δe +δb. First, the focus is only on the analytical curve.

For the low values of δ (less than 15 µm), the transverse
displacement is zero. There is no buckling. This is the linear
behaviour of the beam, which is characterised by its stiffness
and Pcrit. Continuing to compress axially the moving end,
any desired transverse displacement, respecting the system’s
geometric dimensions, is achieved. One (arbitrary) choice is
to stop around D0 = 1 mm. This value serves as a reference
point.

II-B Finite element modelling

To validate the analytical result, a post-buckling study
with the numerical modelling code Comsol under the plane
stress assumption is conducted. A simple beam with one
end clamped is axially compressed by moving the end that
is free to move. The compression is either by applying
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an axial force or by applying an axial displacement. Both
approaches lead to the same result. When using an elasticity
package, the beam has a linear and elastic behaviour. No
transverse deformation appears with axial compression.
This is due to the symmetry of the stresses in the beam
section. The stress symmetry needs to be broken so that
the transverse displacement occurs, i.e., so that the beam
buckles. A method is to apply a very small transverse
force (of the order of 0.1 N) at the middle of the beam,
so that it breaks the stress symmetry. It has been verified
that the value of this transverse force is small enough
not to influence the final result, i.e., the axial force, the
corresponding transverse displacement and the strain levels.
The domain was discretised using triangular mesh elements
using cubic Lagrange shape functions. The structure is
simple. The meshing sequence contains only global size
nodes.

II-C Experimental validation

To validate the model of transverse displacement as a
function of axial displacement, a buckling experiment is
carried out on a double-clamped beam, actuated with an
axial force to make it buckle.
For measurements, Keyence sensor and its conditioning
circuit LK-G3000, are used. A sensor head (LK-G152) is
used to measure the vertical displacement D at the middle
of the beam. Another sensor head (LK-G10) is used to
measure the axial displacement on the edge of the linear
translation stage. this displacement is assimilated to δ

(Figure 3).

Fig. 2: Analytical, FEM and experiment results for the
transverse displacement D as a function of the axial dis-
placement δ

Based on this, the (D = f (δ )) curves obtained from the
analytical and numerical models are plotted in figure 2. The
experimental measurements are also shown (symbols). It can
be seen that the two modelling curves have the same shape.

Fig. 3: Clamped beam test bench with two laser sensors
to measure axial imposed displacement δ and transverse
induced displacement D

The numerical curve shows a transverse displacement earlier
then the analytical approach. This is mainly due to the small
transverse force which breaks the symmetry and favours
early buckling.

The experimental result also shows good agreement with
the two models. In the region where buckling is clear (δ >
20 µm), a maximum relative error of 13% is observed. The
onset of buckling starts earlier in the experiments compared
to the models. Geometric and material imperfections are
partly responsible for this difference. The difference with
the model is also due to the equipment used to clamp the
beam and then apply the axial force. The test bench should
be infinitely rigid, but it is not precisely the case.

Now with the buckled structure, all ends are fixed and the
resulting displacement D0 ≃ 1 mm is then maintained. The
effect of a transverse force 2R on the beam displacement D
will be modelled.

III BISTABILITY

The structure in Figure 4 under the action of external
axial and transverse forces is considered.

III-A Analytical modelling of bistability

Solving the buckling problem can be reduced to
solving a Strum-Liouville problem. The eigenvalues
resulting from solving this problem give rise to non-trivial
eigenfunctions [27][28]:

wi(x) =


Ci (1− cos(nix)) if i ∈ {0 2 4 ...}
Ci

(
1− cos(nix)− 2

nilb
(nix− sin(nix))

)
if i ∈ {1 3 5 ...}

(4)
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Fig. 4: 2D buckled structure (length lb, width b, thickness tb
and Young modulus Eb). The axial force P allows to reach
an initial transverse displacement and a transverse force 2R
can be subsequently applied to switch the structure from up
to down configurations

with
nilb = 2π 4π 6π ... f or i = 0 2 4 ...
nilb = 2.86π 4.92π 6.94π ... f or i = 1 3 5 ...

(5)

and Ci are constants to be determined.

When a force 2R is applied to the initially buckled
beam, its vertical displacement w(x) can be written as a
superposition of these eigenfunctions [28]:

w(x) =
∞

∑
i=0

Aiwi(x) (6)

where the amplitudes Ai minimise the total energy of the
beam subjected to axial and transverse forces.
The transverse displacement is the value of w at x = lb

2 :
D = w

(
x = lb

2

)
.

Vangbo’s and Yan’s works [27][28] provide the procedure
to find the amplitudes of the Ai modes. This allows deter-
mining the analytical formulas of the relationship between
the applied transverse force and the corresponding middle
amplitude D for an initially buckled beam. The solution
consists in two coupled formulas, with a parameter η that
incorporates the change in the value of the axial force P,
when moving from the top to bottom positions:

η
2 =

P
EI

(7)

The magnitudes of transverse force 2R and transverse dis-
placement D for a specific η are given by:

2R(η) =
EI
√

δblb

l3
b

√
∑

∞
i=0

w2
i (γlb)

(nilb)
2[(η lb)

2−(nilb)
2]

2

D(η) =
4R(η)l3

b
EI ∑

∞
i=0

w2
i (γlb)

(nilb)2[(η lb)2−(nilb)2]

(8)

The ratio γ is a parameter that indicates the position at
which the transverse force 2R is applied. γ = 0.5 means that
2R is applied at the middle of the buckled beam.

The literature shows that the two first deformation modes
are predominant. Their contributions are sufficient to obtain
the deformation w(x) in the case of a center or off-center
transverse actuation [29][30]. In the expressions of 2R(η)
and D(η), the infinite sum can then be approximated by the

sum of the first two terms.

As mentioned above, the axial force P is not constant along
the switching process from a high to a low buckling state,
or vice versa. Its expression is given by:

P(η) = η
2EI (9)

The snap-through from one state to another begins with the
first deformation mode, corresponding to P = P0. During the
switching, it is assumed that only the second mode appears
(corresponding to P = P1) as a transition, and the system
returns to first mode at the end of the snap-through. This
gives a range of variation of P between P0 and P1 with:

P0 = η2
0 EI with η0lb = 2π

P1 = η2
1 EI with η1lb = 2.86π

(10)

This gives the range of variation for parameter η :
η ∈ [2π/lb...2.86π/lb]. It will give the corresponding
values of 2R(η) and D(η), and therefore allow to plot
the transverse force as a function of induced transverse
displacement.

The value of the transverse force required for the snap-
through from one buckling state to its symmetrical state is
2Rcrit = max(2R(η)) with η ∈ [η0...η1].

For a P = P0 > Pcrit, which sets the initial transverse
displacement due to buckling, noted D0 = 1mm, the
evolution of the transverse force 2R as a function of the
transverse displacement D can be plotted (Figure 5).

First of all, the plot has the appearance of the classical
curve of bistable systems. It is a system that switches from
one equilibrium state to another equilibrium state, during
the negative stiffness phase (downward slope on the graph).
To validate this conclusion on bistability, the potential
energy curve related to the transverse force as a function of
the induced displacement is given.

Based on Figure 5, the potential energy
Wp(D) =

∫ D
0 2R(D′).dD′ in red has three local optima,

two minimums at D = 1 and −1mm and one maximum
at D = 0. To have values of D outside [−1...1]mm, η

parameter takes some values outside [η0...η1]. The two
local minima on energy curve mean that the system has two
stable equilibrium states. The maximum energy corresponds
to the unstable equilibrium position. It is therefore a bistable
system.

III-B Finite element modelling

The snap-through study, as well as post-buckling study,
can be conducted using FEM software. A comparison of
the curves for force 2R versus displacement D is shown in
Figure 6. The results were obtained by imposing a gradual
vertical displacement in the middle of the beam.
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Fig. 5: Transverse force 2R and potential energy related to
this force 2R versus transverse displacement D for a buckled
beam

Fig. 6: Analytical and FEM of snap-through process of a
double clamped beam: transverse force 2R as a function of
transverse displacement D for initial displacement D0±1mm

Agreement between the results of the analytical model
and those of the numerical model is noted. The results
concern both types of snap-through, from bottom to top and
from top to bottom. For the given dimensions, with D0 = 1
mm, the switching force is around 7 N and the displacement
D when switching is around 0.9 mm.

III-C Experimental validation

An experimental study of buckling and mechanical
actuation of the bistable system by a transverse force
is conducted. The aim is to experimentally validate the
bistability curve of the buckled steel beam.
The beam with the dimensions given in the introduction is
compressed, between two jaws that can slide or be fixed.
The beam is therefore axially compressed to buckling with

an initial midpoint deflection of D0 ≃ 1 mm. From this
initial configuration, a transverse force is applied step by
step, using weights hanged in the middle of the beam. The
evolution of the displacement D is measured using the laser
sensor (see Figure 7). The curve of transverse force as a
function of midpoint displacement 2R= f (D) is then plotted.

Fig. 7: Test bench for plotting transverse force 2R versus
transverse displacement D: force is applied by suspended
masses and displacement is measured with the transverse
laser sensor. The photo shows the case of snap-through from
bottom to top, where an upward force is applied using a
pulley

The experimental results of the tests carried out are
shown with the model curve in Figure 8. Two series of
measurements are shown. All other measurement series
remain in the same region between these two.

The maximum force, i.e., the critical switching force, is
lower than that predicted by the model (maximum relative
error of 18% for an upward switching). This is due to the
model’s assumptions (isotropy and other mechanics of mate-
rials assumptions) and the rigidity of the axial compression
system, assumed to be infinitely rigid. Also, the test has been
repeated on a beam for different initial displacements D0.
For each test, the experiment was stopped when the applied
transverse force led to the snap-through of the structure.
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Fig. 8: Transverse force 2R versus transverse displacement
D for a buckled beam: comparison between modelling and
experiment

Despite the concern for symmetry between the top and
bottom positions of the buckled beam, Figure 9 shows con-
sistency between the predictions of the analytical model 2R=
f (D) and experiment. The observed differences are mainly
attributed to measurement errors and to some uncertainty
concerning the boundary conditions at the jaws.

Fig. 9: Transverse force 2R versus transverse displacement
D for a buckled beam: theory and experiment for different
values of initial displacement D0

The stop point of the measurements is the point of
switching from the high state to the low state and vice
versa. This is done instantaneously and the midpoint shift
goes directly from a positive to a negative value or the
opposite.

III-D Conclusion

This part was dedicated to the characterisation of the
buckled beam. First, a beam undergoes axial compression

and buckles. Buckling was modelled analytically,
numerically and the models were validated experimentally.
Then, from this deformed configuration, the impact of a
transverse force was modelled and experimentally tested
to ensure the results validity of the beam’s response to
transverse mechanical force, in particular the snap-through
phenomenon. An order of magnitude can then be estimated
on the level of force that needs to be applied, in particular
cases of bistable beam thicknesses, to make it switch from
one stable state to the other. This Force level depends on
the initial displacement of the beam D0.

IV SNAP-THROUGH USING PZ ACTUATORS

The aim of this second part is to study analytically,
by Finite Element Modelling (FEM) and experimentally
the feasibility of switching a bistable system from one
state to another using only piezoelectric (PZ) actuation.
The purpose is to demonstrate that the equivalent moment
models [31][32][33] are valid to replace the PZ actuation
in the case of a buckled system by axial compression.
An optimisation study will be conducted to minimise the
required voltage to switch the structure from one stable
state to the other, by adjusting the position of the PZ patch.
This will be done analytically and by FEM. The comparison
between the two results will serve to validate the use of
equivalent actuation models (especially of moments) in
this compression case, to understand and anticipate the
snap-through of a bistable system. The interesting positions
of the PZ patches on a bistable structure will be exploited
to make an experimental prototype which will serve for
validation.
The set of parameters used by default in this section for
the numerical values in analytical modelling, finite element
modelling (FEM) and experiments are summarised in
table II.

PZT beam
Young modulus (Pa) Ep = 146 109 Eb = 210 109

Poisson’s ratio / νm = 0.33
strain sensitivity (m/V) d31 =−62 10−12 /
l*b*t (mm3) 14*14*0.3 70*14*0.3

TABLE II: Geometrical and material properties for the
buckled beam with PZ actuation. Geometry: (lp ∗b∗ tp) for
the PZT actuator and (lb ∗b∗ tb) for the beam

IV-A Analytical modelling

The study is conducted in accordance with the
fundamental assumptions of continuum Mechanics. The
principle of Saint-Venant is considered. According to the
Navier-Bernoulli hypothesis, the sections normal to the
mean line remain flat and normal to the mean line during
deformation. It is assumed that |w′| << 1 for very small
displacement, allowing to neglect the rotation angle after
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deformation in the expression of the curvature.

This section addresses the case of the simple beam.
It is a steel beam on which a PZ patch is perfectly
bonded. In an experiment, the actuator is usually bonded
to the structure via an adhesive. The experimental results
show that increasing the adhesive thickness changes the
electromechanical impedance and resonance frequency of
the piezoelectric element, as well as the amplitude of the
sensor signal [34]. For an actuator under the assumption
of perfect bonding to the host structure, which is our
study case, [32] showed that the shear stress between the
actuator and the host beam was transferred mainly over an
infinitesimal region at the actuator ends. This is consistent
with the pin-moments models at the actuator ends that will
be used.

When the system buckles and the desired displacement is
reached, the ends are fixed. By supplying voltage to the PZ
patch, it actuates the structure to allow switching from one
stable equilibrium state to another.

With the equivalent moment approach, the study of the
PZ actuation also amounts to a purely mechanical study.
In the case of pure compression with an axial force P (see
Figure 10), Euler-Bernoulli equation can be written as:

d4w
dx4 +

P
EI

d2w
dx2 = 0 (11)

where EI is the stiffness of the system’s part (E is
Young modulus and I is the quadratic moment) which varies
depending on whether it is the PZ patch bonding area or not.

Fig. 10: Simple beam on which is bonded a PZ material:
structure buckling to have the final configuration

IV-A.1 Solution if the buckled system is actuated by an
external effort
For a compressed buckled beam actuated or by an external
effort, the form of the deflection can be written analytically
as a sum of the first and second modes (for buckling
behaviour) with the addition of a particular solution (for
equilibrium):

w(x) = w1(x)+w2(x)+wp(x) (12)

w1(x), w2(x) and wp(x) expressions contain the external
efforts applied on the buckled system, whether it is a single
force (referred to as ”F”), one moment (referred to as ”M”),
two moments in two points of application (referred to as
”MM”), four moments in four points of application (referred
to as ”4M”) or other forms of loads [29][35].

IV-A.2 Analytical modelling of PZ actuation on a
bistable beam using the equivalent moment approach
The action of a voltage-fed PZ patch can be modelled
by either pin-forces or pin-moments [31][36]. The second
equivalence was chosen because of its consistency with the
numerical result [33]. The pin-moments are on both side
of the ends of the PZ, around the same axis, in opposite
directions (see Figure 11) and with equal module given by
the formula:

M = bEp
(
−K f Ip +

(
Ke −1− znK f )T − zn (Ke −1) tp

)
Λ,(

Λ = d31
V0

tp

)
(13)

where Ip =

(
tb
2 +tp

)3
−
(

tb
2

)3

3 and T =

(
tb
2 +tp

)2
−
(

tb
2

)2

2 ,
where zn defines the neutral axis of the beam (z position
where the strain εb is zero):

zn =
Ep
(
t2
p + tptb

)
2(Ebtb +Eptp)

(14)

and where

K f =
2

tb + tp

(
1−

EbEpt3
b tp +E2

b t4
b +E2

pt4
p +EbEptbt3

p

E2
pt4

p +E2
b t4

b +EbEp
(
4t3

b tp +6t2
b t2

p +4tbt3
p
))

Ke =
t4
p +

Eb
Ep

t3
b tp

t4
p +

E2
b

E2
p
t4
b +

Eb
Ep

(
4t3

b tp +6t2
b t2

p +4tbt3
p
)

are introduced to simplify the moment formula.

The actuation with piezoelectric patch supplied with
voltage is modelled by an internal double moment that
actuates the system at the ends of the patch, with the patch
kept passive. The study becomes a mechanical resolution of
a bistable system driven by point moments (moment input
example by Cleary et al. [37]).

The length of the PZT patch lp gives the distance between
the pin-moments. Under the small displacement assumption,
it is assumed that x2 = x1 + lp, where x1 and x2 are the
positions of the beginning and the end of the PZ patch.
With a constant PZ patch length lp, changing the application
position of the first moment means changing the position of
the second moment as well. The middle position of the PZ
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a

b

Fig. 11: Pin-moments equivalence with PZ actuation: (a)
one PZ patch actuation and (b) two PZ patches actuation

patch x0 can be defined between x1 and x2 as a characteristic
parameter of the PZ position.

Based on the configuration in Figure 11, the values of
the applied moments on the bistable beam can vary, and the
induced halfway point displacement is taken for each mo-
ment value. This allows drawing the moment-displacement
curves and to get the values of moments needed for the snap-
through of the beam. As the moments application position
is changeable, its influence on the snap-through required
moment may be quantified. This allows the plot of the critical
snap-through curve that shows the snap-through moments
as a function of the position of the moments. For one PZ
actuation case, the shape of the analytical curve is given in
Figure 12.

Fig. 12: Snap-through analytical curve: snap-through mo-
ment vs moment position

This curve of critical switching moments gives an idea
of where two antagonist and lp spaced moments should be
applied for a low-effort snap-through. Two positions stand

out: close to the clamping bars or near the middle of the
beam.
This analytical result will be compared with a numerical
model where the beam is actuated with a voltage-supplied
PZ patch. This will validate the accuracy of the moment
model in this case of application and the snap-through
model as well.

IV-B FEM of PZ actuation on a bistable beam

In the numerical study, the beam and a PZ actuator are
perfectly bonded. One end of the PZ patch is at the x1
position, the other is at the x2 position. For each position,
the system is first buckled by applying the axial force
on its moving end. Then, the PZ actuator is supplied
with voltage and the snap-through point is determined.
Varying the position x0 of the middle of the PZ patch, the
switching voltage as a function of the PZ position can be
plotted. To compare this result with the analytical study
conducted earlier, the moment-voltage equivalence given by
equation (13) is used.

IV-B.1 One PZ actuator
The result of the comparison between the analytical model
and the numerical model, concerning the snap-through volt-
age as a function of the actuator position, is given in
Figure 13.

Fig. 13: Snap-through analytical and numerical curves:
snap-through voltage vs PZ-patch/MM position

The two critical switching curves describe the same form
of variation. Some errors between the two models appear
in some regions, especially when the actuator is on two
regions of the beam surface, one in extension and the other
in compression. This is mainly due to all the simplifications
of the Euler-Bernoulli model which does not take the shear
stress into account.
The two best bonding positions for the PZ actuator to
easily switch the bistable system stand out again: next to
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the clamping bars and near the middle of the beam. The
choice between these two can be made on the basis of
the mechanical limit of the PZ patch. In the middle of the
beam, it can be demonstrated that the strain at the common
surface between the PZ patch and the beam is relatively
large compared to the surface strain next to the clamping
bars. There is therefore more interest in gluing the PZ
actuator next to the clamping bars rather than near the
middle of the beam.

IV-B.2 Two PZ actuators
The study is extended to the case of two PZ actuators whose
positions are symmetrical using analytical and numerical
modelling.

In the case of actuation with two PZs, it is consider
for the analytical model that it happens as if the two
antagonistic moments are applied at x1 and x2, and two
other moments are applied in the same way at x3 and x4.
Under the small displacement assumption, it is assumed
that x2 = x1 + lp, x3 = lb −x2 and x4 = x3 + lp. The result of
the comparison between the analytical model (4 moments
application) and the numerical model (2 PZ actuation),
concerning the snap-through voltage as a function of the
actuator position, is given in Figure 14.

Fig. 14: Snap-through analytical and numerical curves in
the case of two PZ actuators: snap-through voltage vs left
PZ-patch/MM position

Actuation with two PZ patches offers interesting positions
for switching with minimum supply voltage. These are
almost the same as for a single PZ actuator. However, the
voltage for switching with two PZ patches is lower. The
voltage required for switching is about 25% less in the two
actuators case.

IV-C Experiment: snap-through using PZ actuators
IV-C.1 Prototyping

The chosen material for beams, which are bistable after

pre-stressing, is steel (XC75 steel). This choice is due to
some studies carried out in the laboratory before [38]. They
concluded that the shear force transfer between the PZT
ceramics (NCE41) and the host structure is maximum, for
these thickness dimensions range, when the structure is
made of steel.
The nature of the surface is very important as it determines
the quality of the bonding. It is therefore necessary to
prepare the surfaces. The method used is that of surface
preparation for the bonding of strain gauges. The first step
is to polish and clean the surface: the PZ patch is gently
polished at an angle of +45◦ and −45◦ with abrasive paper.
The polished surface is cleaned with alcohol and degreaser
and immediately wiped clean in one pass with a paper. Glue
is added to the prepared surface and the PZ patch is placed
on and tightened for more than eight hours to hold to the
structure. The adhesive used is Araldite, a two component
epoxy paste adhesive provided by Huntsman International
LLC.

IV-C.2 Bistable beam actuated by PZ actuators
Numerical modelling of the PZ actuation of a bistable beam,
using one PZT patch and two PZT patches, was carried out.
Some positions optimising the snap-through voltage stood
out. In particular, these points were tested experimentally
for validation. Figure 15 shows the two cases of bonding
one PZT actuator to a beam in an optimal position. Figure 16
shows the two cases of bonding two PZT actuators to a beam
in an optimal position.

Fig. 15: Two cases of one PZT patch glued to a steel beam
in two places that minimise the snap-through tension of the
bistable beam system. Steel beam of (70, 14, 0.3 mm) and
PZT patch of (14, 14, 0.3 mm)

The PZ patches are then supplied with voltage, with
twenty volt jumps. This allows an overview of the timing
and measurement of the snap-through voltage from one
stable state to another. This is repeated with different
voltage starting points, allowing error bars to be drawn on
the voltage. The possibility to clamp the beam at different
points allows testing a few points (voltage, position), around
the optimal points.
An error on the position of the PZ patch of 1 mm is added.
Figures 17 and 18 show the numerical result of the snap-
through voltage curves as a function of the position of the
PZ patches, together with some experimentally tested points.

9



Fig. 16: Two cases of two PZT patches glued to a steel beam
in two places that minimise the snap-through tension of the
bistable beam system. Steel beam of (70, 14, 0.3 mm) and
PZT patch of (14, 14, 0.3 mm)

Fig. 17: Snap-through numerical curve with several exper-
imentally validated points: snap-through voltage vs 1 PZT
patch position

As shown in Figure 17, the numerical switching voltage
is in the margin of error of the measured one. The
adhesive layer between the PZT and the beam, used in
the test bench and not taken into account in the model, is
a source of error just as the mechanical boundary conditions.

In the case of two PZT patches bonded to the steel beam,
the tolerance in the clamped area allows to test the switching
for actuators positions (2 points close to the edges and 2
points close to the middle).

Fig. 18: Snap-through numerical curve with several exper-
imentally validated points: snap-through voltage vs 2 PZT
patches position

As shown in Figure 18, the numerical switching voltage is
also in the margin of error of the measured one. For the
same reasons as the single PZ patch case, the errors are
explained by the sensitivity of the snap-through point to
boundary conditions and the used equipment. The adhesive
layer is a source of error here too.

IV-D Conclusion

The analysis carried out in this section provided
an opportunity to discuss the operating principle of a
bistable system snap-through under PZ actuation. It
requires mechanical analysis of the buckling phenomenon,
modelling of the actuation by piezoelectric materials and
experimental validation work. This led to models validation
by experimental approach, based on the buckled bistable
beam actuated by PZ patches.
With the chosen deflection level (D0 = 1 mm), the PZT
patchs have indeed demonstrated their ability to switch
a bistable buckled beam. This was proven for the steel
beam of dimensions (70, 14, 0.3 mm) with PZT patches
of dimensions (14, 14, 0.3 mm) glued on. An optimisation
study was carried out to minimise the voltage required at
snap-through as a function of the position of a single PZ
patch and then that of two PZ patches. The characteristic
points of this study were verified experimentally, and the
errors were relatively small compared to the models.

V CONCLUSION

Buckled beams are systems that can exhibit bistable be-
haviour. This study aimed to model and verify experimentally
the snap-through of a bistable beam actuated with piezoelec-
tric materials. After the analysis carried out along this work,
the following conclusions can be drawn:

1) Using the proposed modelling approach, the dimen-
sions and material properties of the beam allow to
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predict whether the structure is bistable or not, the
required level of axial force required for buckling and
the level of transverse force then required for snap-
through.

2) The comparison of the PZ actuation models concluded
on the validity of the equivalent moment model with a
relative error of the order of a few percents compared
to the numerical model.

3) The switching from one stable state to the other using
the PZ patches was demonstrated. Modelling was first
used to define optimal position for PZ patches and
an experimental prototype was then developed accord-
ingly to validate the results.

4) The analytical model shows consistency with the
numerical model, especially in regions that minimise
the snap-through voltage. The experimental validation
shows a good agreement with the models as well.

The full modelling approach can be used to design
bistable devices with a large range of switching ener-
gies. It can also serve to use PZ patch as a mean to
adapt to the possible variation in switching energy, for
instance due to thermal dilatation, assembly uncertain-
ties or manufacturing variability.
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