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Abstract
Many piezoelectric (PZ) actuation or sensing systems consist of PZ patches bonded on elastic beams or
blades. In order to optimise the design of such systems, Finite Element Analysis (FEA) can be used.
However, this option is relatively time consuming and not necessarily appropriate to the first steps of
the design process. The replacement of FEAby simple analytical tools is desirable in the early design
stages in order to explore the optimal configurations for the device (beamdimensions, patch position
and properties). Twomainmodelling approaches can be found in the literature, based on the Solid
Mechanics beam theory. Thefirst approach consists in replacing the PZ patch by two opposite forces
positioned at the surface of the beam, each at one extremity of the PZ patch. The second approach
consists in replacing the PZpatch by two oppositemoments positioned at the neutral axis of the beam,
each at one extremity of the PZ patch. The object of this paper is to detail these options, and to evaluate
their range of validity. For this purpose, a parametric study is conducted on a cantilever beam structure
to compare the different approaches for standard dimensions andmaterial properties. The results of
corresponding FEA simulations are taken as reference. It is shown that the validity of analyticalmodels
is restricted to a narrow range ofmaterial properties and dimensions. This range is chosenwhen the
error between the normalised displacements obtained analytically and those obtained by numerical
calculation does not exceed 6%.Within this range, the two-momentmodel is revealed amore precise
choice than two pin-forces. As a consequence, its validity range is larger compared to other analytical
approaches. This is due to the introduction of theflexural stiffness of the PZpatch and of a realistic
strain profile across the section of the structure. These results can be used to obtain analytical
expressions of stress and strains in PZ actuation and sensing devices.

Nomenclature

Eb Youngmodulus of beammaterial

sE11 Elastic compliance under constant electric field

of PZmaterial along x-direction

Ep Youngmodulus of PZmaterial along x-direction

E s1p
E

11( )=
lb Lenght of the beam

lp Lenght of the patch

b Width of beam and patch (identical values)

tb Thickness of the beam

tp Thickness of the PZ patch

δ Beam’s free end displacement
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òb Strain across the beam section

òp Strain across the PZ section

Ib Quadraticmoment of the beam I bt 12b b
3( )=

d31 Transverse PZ constant of PZmaterial

V0 Applied voltage

Λ Stress-free PZ strain of the PZ patch

along the x-direction d V tp31 0( )L =

1. Introduction

PZmaterials are used inmany actuation, sensing or transduction systems such as bistableMEMS [1],MEMS
micro-valves [2], micropumps for drug delivery [3], vibration energy harvesters [4], fuel injectors [5], haptic
devices [6] or textile sensors [7], and their advantages aremany.

First of all, response times are short. Thematerials can therefore be exploited at high frequencies (up toMHz
[8]). It is the property that is exploited, for example, in the case of fuel injection in automotive industry. It also
means that awide range of speeds can be exploited.

The stress levels that thematerials canwithstand are high [9]. Thismakes it possible, for example, to generate
high forces or torques in complete and compact systems that incorporate PZmaterials.

Electromechanical conversion is intrinsic and it is simple to generate the electric field necessary for the
conversion. This leads to compact and lightweight devices with simple structures [10]. The above statement,
combinedwith the exploitable speeds and stress levels, creates space for devices with high power-to-weight ratio.

The use of PZmaterials, e.g. in travellingwavemotors, leads to actuators with low rotational speeds [11].
This property eliminates the need to use gearboxes for high torque and low speed applications.

The small displacements generated (under high voltage levels) lead to good controllability of the actuators
and high resolution, reaching the nanoscale [12], with very fast response times, below 1ms.

The electromechanical conversion is increasingly improved [13]. It takes place silently andwith a negligible
magnetic field (compared to conventional solutions).

Operation at cryogenic temperatures is possible even if the performance of the actuators is lower at low
temperatures. PZmaterials can operate at high temperatures without failure. Their usage temperature range is
though limited by their Curie pointTC, about 160 °C–350 °C for ferroelectric ceramics [14]. The lifetime of
thesematerials is relatively high, with very low consumption, especially in static use.

Finally, the use of PZmaterials under vacuumor in clean rooms is permitted due to their composition [15].
Inmany applications, the PZmaterial is a patch bonded on a structure. Theworking principle of the device

then relies on the interaction between the PZpatch and the structure (actuation, sensing or both).
In order tomodel the action of a PZpatch bonded on an elastic structure, several approaches are available. A

variational formulation, combined to the coupled constitutive relations of PZmaterials, can be used [16, 17].
The problem cannot usually be solved analytically, and the implementation of a numericalmodel is required.

With the objective of establishing analytical relationships, [18]modelled the action of symmetrical bonded
patches on an elastic structure, by using two equivalent pin-force, tangent to the surface of the structure.
Alternately, [19] or [20]modelled the action of a PZ patch by two oppositemoments, applied at the location of
the patch extremities on the elastic structure.

There are also othermodels for predicting the system (substrate+ actuator) response for thin and thick
structures.Wemention three of them in the following. First, the consistent platemodel [21] that formulates the
strain energy relations for a laminated plate, under the assumptions of thin and classical laminated plate theory.
Second, the strain energymodel [22] thatmodels laminate beams and plates with attached or embedded finite
length spatially-distributed induced strain actuators. Third,modes selective excitation [23] that predicts the
behaviour of two dimensional patches of PZmaterial bonded to the surface of an elastic distributed structure
and used as vibration actuators. Otherworks give an explicit analytical solution of deformation, vibration and
optimal shape control of laminated cantilever PZ composite plates. The explicit formulation concerns the shape
as a consequence of the applied loads, among others the PZ action. The resulting shape is then emphasised,
rather than the causes (loads andmore precisely the PZ action) that gave rise to it [24, 25].

The objective of this paper is to assess the range of validity of twomain analytical approaches tomodel and
give an explicit formulation of the effect of a PZ patch on an elastic beam. Thefirst approach replaces the PZ
patch by two equivalent opposite forces and the second by two equivalent oppositemoments. A parametric
evaluation is performed on a case study consisting of a PZpatch perfectly bonded to a cantilever beam structure.

In an experiment, the actuator is usually bonded to the structure via an adhesive.
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The Physics of the electromechanical interaction between the piezoelectric element, the adhesive and the
host structure is not yet been fully understood.Many fundamental problems related to its practical
implementation have not been resolved. The proposedmodels need to be experimentally verified and
improved [26, 27].

The experimental results show that increasing the adhesive thickness changes the electromechanical
impedance and resonance frequency of the piezoelectric element, as well as the amplitude of the sensor
signal [28].

For an actuator under the assumption of perfect bonding to the host structure, which is our study case, [18]
showed that the shear stress between the actuator and the host beamwas transferredmainly over an infinitesimal
region at the actuator ends. This is consistent with the pin-forces and pin-momentsmodels at the actuator ends
thatwe have developed.

The corresponding Finite Element Analysis (FEA) is performed usingCOMSOLMultiphysics to serve as a
reference solution for the problem.

Consistently with the studied analyticalmodels, we consider in the FEA simulation that the system iswithout
adhesive layer, i.e. the PZ actuator is perfectly bonded to the beam.

In our study, the direct solver implemented inComsolMultiphysicsMUMPS (MUltifrontalMassively
Parallel sparse direct Solver)was used.MUMPShas the particularity to support cluster computing, allowing to
usemorememory than is typically available on a singlemachine.

In afirst part, the study case is presented. The two analytical approaches are then presented and followed by
the FEA implementation. A parametric study is then performed for differentmaterial and geometrical
parameters. This allows defining the range of validity of the analyticalmodels by comparison to FEA results.

2. Study case

The considered problem (figure 1) consists in an elastic beam (e.g. steel), with length lb and thickness tb, clamped
on its left side. The longitudinal linear elastic behaviour of the beam (along direction x) is characterised by the
Youngmodulus Eb. A PZpatch (e.g. PZT), with length lp and thickness tp is bonded on the upper side of this
cantilever beam. The PZpatch and the cantilever beamhave the samewidth b. x1 is the x-coordinate such that
the patch is bonded to the beamon the zone x x lp1 1[ ]+ . The Youngmodulus of the PZ patch along direction x
is noted Ep. The PZ patch is equippedwith electrodes on its upper and lower sides.V0 is the voltage applied
between these electrodes, the polarisation of the PZ patch being upward as shown infigure 1. The transverse PZ
coefficient of the PZpatch is denoted by d31.

The PZ patch is excited by the application of a voltage along its polarisation direction z (figure 1). Under free
boundary conditions, the patch strains by the PZ deformationΛ, proportional to the applied voltageV0. For a
patch bounded on a blade, under plane stress assumption, the longitudinal strain òp in the patch is given by the
behavioural law:


E

1p
p

p

( )
s

= + L

whereΛ the stress-free PZ strain of the PZ patch along the x-direction:

d V

t
2

p

31 0 ( )L =

The differentmodels (analytical and FEA) for this study case problemwill be compared using the vertical
displacement δ at the free (right) end of the cantilever beam. The longitudinal strain in the beam is noted òb. The
assumption of plane stress is considered for the actuator and for the structure aswell.

Figure 1.Case study of a PZ patch bonded to an elastic cantilever beam: geometric andmaterial parameters.
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3. Equivalent pin-forcemodel [29, 30]

The pin-forcemodel [29, 30]describes the action of the PZ patch on the beamby two opposite forces with
module F, placed at the extremities of the PZ patch (figure 2).

Several variants of the pin-forcemodel can be obtained by following different assumptions. Afirst pin-force
model can be developed assuming that the strain remains uniform throughout the section of the structure
(figure 3). This assumption can be usedwhen the structure ismade of symmetrically bonded patches on each
side of the beam.

Although this assumption is obviously not relevant to describe the study case offigure 1 subjected to
bending, the corresponding result is given below because it serves as a basis formore general configurations. In
the absence of any external longitudinal force, the pin-force F0 under uniform strain assumption, is given by (see
[29, 30]):

F
bE t

1
3b b

0 ( )
y

= -
+

L

Figure 2. Simplification of the action of a PZ patch on an elastic structure using the pin-forcemodel, casewhere the PZ stiffness is not
considered.

Figure 3.Afirst pin-force representation assuming uniform strain along the cross section of the beamand PZ patch (òb = òp).

Figure 4.Apin-force representation assuming uniform strain along the cross section of the PZ patch and a linear variation of the
strain along the cross section of the elastic beam.
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with

E t

E t
4b b

p p

( )y =

Suchmodel cannot describe bending, so that the obtained deflection δ is zerowhatever the applied voltage.
Amore refined pin-forcemodel can be developed bymaintaining the strain constant across the section of the

PZpatch but assuming a linear variation of the strain across the section of the elastic beam (figure 4). In that case,
the application of a voltageV0 will result in a deflection δ.

The pin-force F1 in that case is given by (see [29, 30]):

F
bE t

3
5b b

1 ( )
y

= -
+

L

In the construction of thismodel F1, it should bementioned that the stiffness added by the presence of the
PZTpatch is not taken into consideration.

Amore precise pin-forcemodel [31] can be obtained by adding the stiffness of the PZ patch to the stiffness of
the structure, the resultingmodel is F2 (figure 5).

The pin-forcemodel F2 in that case is given by (see appendix B):

F
bE t

3
6b b

t

t

2

3

p

b

2

2

( )
y

= -
+ +

L

Asmentioned in [31], the F2 pin-forcemodel contains some contradiction in it from a theoretical
standpoint. By assuming a constant strain distribution in the actuator, we are in fact specifying that the actuator
does not bend.However, the assumption of constant strain in the actuator seems acceptable, but neglecting the
actuatorflexural stiffness is what really leads to the discrepancy in the pin-forcemodel for thin structures.

Figure 5.Apin-force representation assuming uniform strain along the cross section of the PZ patch and a linear variation of the
strain along the cross section of the elastic beam. Actuator flexural stiffness is added to themodel.

Figure 6.A two-moment representation assuming a linear variation of the strain along both the cross section of the elastic beam and
PZ patch. Actuatorflexural stiffness is included in themodel.
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4. Equivalent two-momentmodel [32]

The two-momentmodel in [32] describes the action of the PZ patch on the beamby two oppositemoments with
moduleM, placed at the extremities of the PZ patch (figure 6). By comparison to the previous two-forcemodel,
thismodel introduces a linear variation of the strain across the sections of both the elastic beam and the actuator.

The extension and bending of the elastic beam is described by the strainfield òb. This strainfield can be
written as the sumof a uniform strain (extension part) and a linearly varying strain (bending part). This strain
can be seen as the result of the application of the two oppositemoments. ThemomentM in that case is given by
(see [32]):

M

bE
K I K z K T z K t1 1 7

p

f
p

e
n

f
n

e
p( ( ) ( ) ) ( )= - + - - - - L

where Ip

t

3

tb
p

tb
2

3

2

3( ) ( )
=

+ -
andT

t

2

tb
p

tb
2

2

2

2( ) ( )
=

+ -
, where zn defines the neutral axis of the beam (z position for

which the strain òb is zero):

z
E t t t

E t E t2
8n

p p p b

b b p p

2( )
( )

( )=
+

+

andwhere

⎛

⎝
⎜

⎞

⎠
⎟

K
t t

E E t t E t E t E E t t

E t E t E E t t t t t t

K
t t t

t t t t t t t t

2

1
4 6 4

4 6 4

f

b p

b p b p b b p p b p b p

p p b b b p b p b p b p

e
p

E

E b p

p
E

E b
E

E b p b p b p

3 2 4 2 4 3

2 4 2 4 3 2 2 3

4 3

4 4 3 2 2 3

b

p

b

p

b

p

2

2

( )

( )

=
+

-
+ + +

+ + + +

=
+

+ + + +

are introduced to simplify themoment formula.

5. Expression of the deflection in the study case

Equations (5) and (6) give the expressions for a pin-forcemodel without considering the stiffness of the PZ patch
(F= F1) andwith considering it (F= F2), respectively. Equation (7) defines a two-momentmodel with the
moments applied at the patch extremities. Themodelling options for themodelling of a cantilever beam, taken
as the reference study case, are illustrated infigure 7.

Using the standard Euler-Bernoulli theory, the expression of the transverse displacementw(x) of the beam
neutral axis (along z-direction) can be directly derived form the expressions of F1, F2 orM. The deflection δ at the
free (right) end of the cantilever beam is then simply given by:

w x l 9b( ) ( )d = =

This value δwill be used in the following as the comparison indicator between the differentmodelling
approaches.

Figure 7.Twomodelling options for a cantilever beam actuated by a PZ patch: pin-force (left) and two-moment (right)models.
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According to Euler-Bernoulli theory, the transverse displacementw(x)must obey the following equation:

w
d w

dx

M

EI
10

fz
2

2 ( )
( ) = = -

Mfz is the bendingmoment of the beam and (EI) is the bending stiffness of the beam. It is defined as:

EI E I 11b b( ) ( )=

for the F1model, and as:

EI E I E I 12b b p p( ) ( )= +

for the F2 andMmodels. The difference between these definitions comes from the fact that the bending stiffness
of the PZpatch is not neglected in the two lattermodels. The definition of the bendingmomentMfznaturally
leads to consider three distinct areas onwhich the transverse displacement is defined. The expression of the
transverse displacementw(x) is given below according to the three considered approaches. It is notedwF1(x),
wF2(x) andwM(x) for the F1, F2 andMmodels, respectively.

For 0� x< x1:

w x w x w x 0 13F F M1 2( ) ( ) ( ) ( )= = =

For x1� x< x2:

⎧

⎨

⎪
⎪

⎩

⎪
⎪

w x
F t

E I
x x

w x
F t

E I E I
x x

w x
M

E I E I
x x

4

4

2

14

F
b

b b

F
b

b b p p

M
b b p p

1
1

1
2

2
2

1
2

1
2

( ) · ( )

( )
( )

· ( )

( )
( )

· ( )

( )

= - -

= -
+

-

= -
+

-

For x2� x� lb:

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

w x
F t

E I
x x x

F t

E I
x x

w x
F t

E I E I
x x x

F t

E I E I
x x

w x
M

E I E I
x x x

M

E I E I
x x

2

4

2

4

2
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F
b

b b

b

b b

F
b

b b p p

b

b b p p

M
b b p p

b b p p

1
1

2 1

1
2
2

1
2

2
2

2 1

2
2
2

1
2

2 1

2
2

1
2

( ) · ( ) ·

· ( )

( )
( )

· ( ) ·

( )
· ( )

( ) · ( ) ·

( )
· ( )

( )

= - -

+ -

= -
+

-

+
+

-

= -
+

-

+
+

-

The deflection δF1, δF2 and δM for the F1, F2 andMmodels, respectively, can then be easily obtained at the
position x= lb:

⎧

⎨

⎪
⎪
⎪
⎪
⎪
⎪
⎪

⎩

⎪
⎪
⎪
⎪
⎪
⎪
⎪

w l
F t

E I
x x l

F t

E I
x x

w l
F t

E I E I
x x l

F t

E I E I
x x

w l
M

E I E I
x x l

M

E I E I
x x

2

4

2

4

2
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F F b
b

b b
b

b

b b

F F b
b

b b p p
b

b

b b p p

M M b
b b p p

b

b b p p

1 1
1

2 1

1
2
2

1
2

2 2
2

2 1

2
2
2

1
2

2 1

2
2

1
2

( ) · ( ) ·

· ( )

( )
( )

· ( ) ·

( )
· ( )

( ) · ( ) ·

( )
· ( )

( )

d

d

d

= = - -

+ -

= = -
+

-

+
+

-

= = -
+

-

+
+

-

It can be noticed that allmodels give a similar form for the expression of the deflection δ so that equation (16)
can be re-written as follows:
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⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

K
E T

K
E T

K
T T

E T T T E

.
1

3

.
1

3

.
1

. 4 6 4

17

F

F

T

M

1

2 1

3

3 2

2

·

·

( )

( )





 





 
  



d

d

d

=
+

=
+ +

=
+

+ + + +

where

⎜ ⎟
⎛
⎝

⎞
⎠

K
d V

t t
l l

l

l

x

l

6
1

2
18

b p
b p

p

b b

31 0 1 ( )= - -

andT t

t
b

p

 = and E E

E
b

p

 = are dimensionless parameters characteristic of the structure geometry andmaterial

choice, respectively.
Comparing the three analyticalmodels then reduces to comparing the dimensionless functions fF1, fF2, fM,

defined by equation (19):

⎧

⎨

⎪
⎪⎪

⎩

⎪
⎪
⎪

f T E
E T

f T E
E T

f T E
T T

E T T T E

,
1

3 .

,
1

3 .

,
1

. 4 6 4

19

F

F

T

M

1

2 1

3

3 2

2

( )

( )

( ) ( )

( )








 







  
  



=
+

=
+ +

=
+

+ + + +

It is then evident that, if the deflection δ in the cantilever beamproblem is taken as the comparison indicator,
the difference between the three approaches only depends on the dimensionless parameters T and E, namely
the ratio of the thicknesses and the ratio of the Youngmodulus of the elastic beam and PZpatch. The functions
f T E,( ) will be named ‘normalised deflections’ in the following.

It can also be noticed that all analyticalmodels provide a very similar equation forw(x), namely a horizontal
line between 0 and x1, a parabolic function between x1 and x2 and again a straight line between x2 and lb. Since the
continuity of the derivative ofw(x) is imposed, the equationw(x) is actually fully defined by δ= w(lb) and the
geometric parameters:

For 0� x< x1:

w x w x w x w x 0 20F F M1 2( ) ( ) ( ) ( ) ( )= = = =d

Figure 8.Comparison of the pin-force (F1 and F2) and two-moment (M)models for the normalised deflection f in the cantilever beam
reference problem.
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For x1� x< x2:

w x w x w x w x

x x x x l
x x.

1

2
. 21

F F M

b

1 2

2 1 2 1
1

2

( ) ( ) ( ) ( )

( ) ( )d
= = =

=-
- + -

-

d

For x2� x� lb:

w x w x w x w x

x x l
x x x

2
. 2 22

F F M

b

1 2

2 1
2 1

( ) ( ) ( ) ( )

( ) ( )d
= = =

=
+ -

+ -

d

For a given deflection, the deformation of the beam is therefore the same for allmodels.
The problembeing purely elastic, the deformation of the beamprovides the internal stress. Therefore, if the

tip deflection is the same for twomodels, the deformed shape is also the same, aswell as the internal stresses. This
is the reasonwhy the tip deflection of the beamhas been chosen as a convenient comparison indicator.

6. Parametric study

The normalised deflections f have been calculated for the three analyticalmodels of interest for different
thickness ratiosT varying from0.1 to 10, and for different Youngmodulus ratios E varying from0.1 to 5.

The results obtainedwith the threemodels for the normalised deflections f are presented infigure 8.
For thickness ratiosT 2  , the responses are significantly different between the threemodels, with relative

errors ofmore than 30%on average, regardless of Youngmodulus ratio E. ForT 2  , F1 and F2models are
close but remain different from the results of the two-momentmodel. Finally, on the area defined byT 4  and
E 2  , the three analytical approaches provide very similar results, with relative errors of less than 6%, so that
they could be indifferently used in that range of parameters.

7. Validation using FEA

The analytical approaches state that the normalized displacement only depends onT and E, the thickness and
Youngmodulus ratios of the beam and the PZ patch. This result is tested using a FEA simulation that will
provide a reference solution. In agreement with the analyticalmodels, the FEA study is implemented under the
assumption of plane stress.

Regarding the FEA simulations, the dimensions andmaterial parameters have been set as follows. The PZ
material under consideration is PZT so that the transverse PZ coefficient d31 is 62.10

−12m/V and the Young
modulus Ep is 81 GPa, which are typical values for PZT.

4 The range of exploration for the dimensionless
parameter E has been set to {0.1 to 5}. The beamYoungmodulus is defined by E E.p  and ranges from8 GPa to

Figure 9. 3DFEA results of the normalised deflection fFEA for different PZT thicknesses tp.

4
http://www.noliac.com/.
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405 GPa. This wide range includes typical values for steel or aluminium. For the thickness of the PZ patch, it has
been considered in the range {0.1 mm to 3.1 mm}, which corresponds to typical commercially available
thicknesses for PZTpatches. The range of exploration for the dimensionless parameter T has been set to {0.1 to
10}. This choice covers thicknesses for the beam from0.01 mm to 30 mm.All other parameters have been given
fixed values. The set of parameters used for the FEA simulations are summarised in table 1.

For each FEA simulation, the normalised deflection fFEA is obtained by dividing the deflection δ by the
parameter K defined by equation (18). Then, for each value of tp, the normalised deflection is plotted againstT
and E.

Figure 9 shows the (T, E, fFEA)plot for the two extreme values of tp. All intermediate calculations are
positioned evenly between the two extreme curves. A third curve of the average between the two is then plotted.
Wefirst notice that the obtained trends are consistent withfigure 8.

Table 1.Dimensions andmaterial parameters
used for the FEA simulation of the cantilever
beam case study.

Parameter Unit Value

PZ

Ep GPa 81

tp mm [0.1: 0.3: 3.1]
lp mm 10

b mm 10

d31 m/V 62.10−12

VoltageV0 V 100

Position x1 mm 10

Beam

Eb GPa E E.p 

tb mm t T.p


lb mm 40

b mm 10

Parameter ratios

E — [0.1: 0.5: 5]
T — [0.1: 0.5: 10]

Figure 10.Relative error between f, ,t

t

E

E FEA
b

p

b

p( ) two extreme curves, isobasemap. Light yellow denotes values greater than or equal to

50%. The two horizontal lines are corresponding to E of the steel and aluminium associationwith PZT.
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From figure 9, it is clear that the normalised deflection is not only a function of the dimensionless ratiosT
and E, as stated by the analytical approaches, but is also affected by the thickness of the patch.

Figure 10 shows the relative error (defined as |f(FEA,0.1)− f(FEA,3.1)|/f(FEA,3.1) between the two extreme curves
(tp= 0.1 mmand tp= 3.1 mm). This leads to define an error threshold, belowwhich this assumption is
considered valid.We propose, according to the errormap and isovalues, that for a relative error below 20%, the
normalised deflectionwill be considered as correctly defined by the parameter ratios. The comparison between
the analyticalmodels and the FEAmodel will only be investigated in this range of parameter variation.Outside

Figure 11.Relative error between the F1 pin-forcemodel and the FEA solution taken as reference. Range delimited by dotted red lines:
allmodels assume the same statement (dependence only on t

t
b

p
and E

E
b

p
). Amask is added outside the domain validated by FEA. The two

horizontal lines are corresponding to E of the steel and aluminium associationwith PZT.

Figure 12.Relative error between the F2 pin-forcemodel and the FEA solution taken as reference. Range delimited by dotted red lines:

allmodels assume the same statement (dependence only on t

t
b

p
and

E

E
b

p
). Amask is added outside the domain validated by FEA. The two

horizontal lines are corresponding to E of the steel and aluminium associationwith PZT.
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this range, even in the case where the error between the analyticalmodels and the FEAmodel is relatively small,
nothing can be concluded.

The statement of depending only on parameter ratios is not restricted to a specific area in the analytical case,
unlike the FEAmodel. The reason behind this lies in the simplifying assumptions of the analyticalmodel:
bringing the action of the patch to a point of application, simplifying the behaviour law of the PZmaterial to only
isotropic and x-axis behaviour, while the FEAmodel takes into account all components of the coupling and
compliancematrices of the PZT.

The 2DFEA simulations are now compared to analytical results. The reference result fFEA is chosen to be the
extreme two curves from figure 9. Relative error is then defined by themaximumof the error between the value

Figure 13.Relative error between theM pin-momentmodel and the FEA solution taken as reference. Range delimited by dotted red

lines: allmodels assume the same statement (dependence only on t

t
b

p
and

E

E
b

p
). Amask is added outside the domain validated by FEA.

The two horizontal lines are corresponding to E of the steel and aluminium associationwith PZT.

Figure 14.Conclusion on the validity domains of the three analyticalmodels, with respect to the FEA calculation.
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of the analytical normalised displacement fanal: ( fF1, fF2 or fM) and the value of the FEAnormalised displacement
on one of the extreme curves f(FEA,3.1) or f(FEA,0.1):

⎛
⎝

⎞
⎠

max , .
f f

f

f f

f

anal FEA

FEA

anal FEA

FEA

,3.1

,3.1

,0.1

,0.1

∣ ∣ ∣ ∣( )

( )

( )

( )

- -

Errormaps of the three analyticalmodels ( fF1, fF2, fM)with respect to that reference are presented in the
followingfigures.

It is reminded that the analyticalmodel validity is investigated only in the regionwhere the definition of the
normalised deflection f as a function of only ratiosT and E is considered valid. This range has been reported
fromfigure 10 on allfigures with dashed red isovalues.

In order to allow a clearer comparison between the three analyticalmodels, all colourmaps have been
saturated above error values of 10%. A value of 10% (yellow) designates an error equal or higher than 10%.

The inaccuracy of the F1model is very high as shown infigure 11. In the investigation zone, the error
between the analytical F1model and FEAmodel is always higher than 10%.

The F2model is slightly better as shown infigure 12. ForT 1  and E 2  in the investigation zone, the
relative error generally remains less than 6%.

TheMmodel, associated to less drastic assumptions, logically shows the best results (see figure 13). In the full
range tested for the two dimensionless parametersT and E, in the investigation zone, the relative error does not
exceed 3% in a large part of the investigation zone, and stays below 6%almost everywhere.

To summarise the analysis performed this paper,figure 14 shows the areas of validity of the analyticalmodels
F1, F2 andM, based on the FEA results.

Taking into account classical beammaterials: steel and aluminium,we can highlight the following findings.
F1model is not applicable for either the Steel-PZT orAluminium-PZT combination. It cannot be used either

for other types ofmaterials based on the FEA result.
F2model can be used for a Steel-PZT combination in a very narrow range of thickness ratios

(aroundT 2 = ).
By contrast,Mmodel can be applied to both steel and aluminium cases. The only requirement is that the

condition on the investigation zone, validated by FEA, is respected. This concerns ratios T0.1 2  for steel
beam and T0.5 3  for aluminiumbeam.

8. Conclusions

After the analysis carried out in this work, the following conclusions can be drawn:

(1) Several approaches can be built depending on the assumptions made on the variation of the strain across the
cross-section of the beam and the actuator. Three optionswere retained and named F1, F2 andM-model.

(2)The comparison between these models can be summarised to a function of dimensionless parameters:
thicknesses andYoungmodulus ratios.
However, FEA results showed that the action of a PZT can be accuratelymodelled by such a function only in a
given range of dimensionless parameters.

(3)Three dimension plots and error maps of analytical and numeric models show shortcomings with respect to
the relevance of the F1model, which is by construction very simple and is based onmany simplifying
assumptions.

(4) Pin-forcemodel with uniform strain distribution on only the active element can be used in the case where the
flexural stiffness of the actuator is added. This concerns the casewhere the thickness of the beam is 1 to 2
times larger than the PZ, and formany types of beammaterials.

(5)Momentmodel, whichmodels the action of a PZ patch by twomoments applied at its ends, has been defined
as the bestmodel. Its results are validated by comparing its prediction on deflectionwith the results obtained
from the FEA study.

The key factors explaining the superiority of theMmodel is the introduction of the flexural stiffness of the
PZpatch on one hand, and the introduction of a realistic variation of the strain across the cross-section of the
structure, on the other hand.

It is believed that the conclusions obtained in this work on a simple structure can be extrapolated tomore
complex structures onwhich PZ patches are glued.However, the study dealt with the case of static excitation of
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the actuator. The dynamic casewhere the actuator is suppliedwith frequency voltage is a prospect for
futurework.
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