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A B S T R A C T

A new constitutive modeling is proposed to simulate the cyclic thermomechanical behavior of SMA-based
actuators activated by Joule heating. It uses a weak coupling method to contemplate together the impact of
different phenomena highlighted during experimental tests: thermal exchange through the SMA component and
with the surrounding, heating by electric current (Joule effect), microstructural evolution leading to perfor-
mance degradation (functional fatigue), and thermomechanical coupling. After experimental characterization
and model implementation, simulation results are compared with experimental tests to validate the strategy
and demonstrate its utility for designing SMA-based actuators.
1. Introduction

Shape Memory Alloys (SMAs) are a good illustration of a smart
materials that gather various properties and functionalities in a single
part. They are one of the few materials capable of recovering their orig-
inal shape after a thermomechanical cycle and converting mechanical
external stimuli into thermal response and vice-versa [1,2].

Due to these special properties, SMAs have been considered for
several industrial applications. One of the most promising is the use
of SMAs to drive small actuators. Such applications are based on the
deformation of SMA components through martensitic transformation.
The latter is a diffusionless process in which the crystal structure trans-
forms from a parent (austenite) phase to a product phase (martensite),
resulting in a considerable strain. This process can be triggered either
by mechanical or thermal loading. Its activation can be controlled
electrically via Joule heating. Thus, SMAs properties enable the design
of compact and lightweight actuators [3].

Despite SMA actuators are very appropriate for several applications
(e.g. small automotive and aeronautical devices), they are little ex-
ploited [4]. The major reasons for this are the complexity involving
the modeling of their thermomechanical behavior and their functional
properties degradation during use, also known as Functional Fatigue
(FF).

The degradation in SMA properties is mainly originated from two
sources: plasticity (dislocations) and residual martensite. The plasticity
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is commonly triggered through a slip in austenite phase at high temper-
atures [5–8] or during cycling where Transformation Induced Plasticity
(TRIP) at austenite–martensite interfaces progressively accumulates.
The latter is the most common in SMA actuators and is responsible
for the decrease of the transformation start stress [9]. With regard
to the residual martensite, the process involved in its apparition is in
part linked to the dislocation accumulation [10–13] and partly to the
applied external load [14,15]. Therefore, it is coupled with plasticity.

Macroscopic models considering the role of plasticity and/or resid-
ual martensite on the cyclic response of SMA have been proposed
only for superelastic loading [9,14,16–19]. Fewer models were intro-
duced considering the same problem under actuation conditions [15,
20–22]. In addition, for the SMA actuator context, thermal exchange
(convection and conduction) and its consequences on the behavior
e.g. (thermomechanical coupling) also directly impact the actuation
output. Other models were proposed to account for those effects [18,
19,23–25], but none were extended to thermomechanical loading.

As Joule heating is the most common mean of activation of SMA
actuators, the modeling of this phenomenon should also be included.
Some works [26,27] addressed this topic separately from those previ-
ously mentioned.

A comparison between the main modeling strategies found in the
literature can be established by using 3 criteria groups: loading nature,
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Table 1
Comparison between the main SMA Modeling strategies considering seven SMA features to be reproduced in a cyclic actuation context.
Reference SMA features to reproduce

Uniaxial TWSME ASME Thermomechanical Plastic FF Joule
loading coupling accum. heating

Bo and Lagoudas [14] ✓ ✓ ✓ × ✓ ✓ ×
Bouvet et al. [28] ✓ ✓ ✓ × × × ×
Auricchio et al. [29] ✓ ✓ ✓ × ✓ × ×
Morin et al. [30] ✓ ✓ ✓ ✓ ✓ × ×
Saint-Sulpice et al. [31] ✓ ✓ ✓ × ✓ ✓ ×
Chemisky et al. [21] ✓ ✓ ✓ × ✓ ✓ ×
Chemisky et al. [22] ✓ ✓ ✓ × ✓ ✓ ×
Talebi et al. [26] ✓ ✓ × × × × ✓

Shayanfard et al. [27] ✓ ✓ × ✓ × × ✓

Present work ✓ ✓ ✓ ✓ ✓ ✓ ✓
associated SMA-phenomena reproduction and cyclic usage context. The
first group refers to the nature of the applied loading that the model is
capable of reproducing (e.g. proportional/non proportional and multi-
axial/uniaxial loads). The second one lists the main SMAs phenomena
that can be represented in the material (e.g. Two-way Shape Memory
Effect (TWSME), Assisted Shape Memory Effect (ASME), superelasticity,
pseudoplasticity, reorientation, tension–compression asymmetric be-
havior, return point memory, R-phase effects, plastic yielding). At last,
a division gathers the most common effects that can result from cyclic
loading (e.g. thermomechanical coupling, plasticity accumulation and
FF).

In order to reproduce the SMA actuator behavior during operation,
the following features are strictly necessary in the modeling strategy
(as it is detailed in Sections 2 and 3): uniaxial loading, TWSME,
ASME, thermomechanical coupling, plasticity accumulation, evolution
of the transformation strain and Joule heating. With this in mind, a
comparison between the main modeling strategies and based on their
capability to replicate these necessary features is given in Table 1.

As demonstrated in Table 1, although many modeling strategies
were proposed in the past, none of them contemplates together the
main phenomena involved in the real use of SMA actuators. Therefore,
in order to fulfill this gap, a constitutive model and a straightforward
numerical approach is here introduced to help designers and engineers
to simulate the lifespan behavior of SMA actuators in an innovative
way. The proposed model incorporates the main thermal exchange
phenomena with the environment, the effects of electric activation
via Joule heating, the FF evolution of the most important SMA fea-
tures, and the thermomechanical coupling related to the actuation rate,
faithfully reproducing the actuation scenario.

The work is organized as follows. A brief analysis of the main
phenomena involved during the actuation of the most common SMA
actuators is presented in Section 2. An analysis of the thermomechan-
ical behavior of thin SMA wires under ASME loading via experimental
testing is given in Section 3. The proposed modeling strategy, based
on the experimental findings and on a reference model in literature is
presented in Section 4 with the numerical implementation described in
Section 5. To validate the introduced strategy, a comparison between
experimental data and simulations is addressed in Section 6. The final
remarks follow in conclusion section (Section 7).

2. Actuation through Joule effect

During the actuation of an SMA actuator, the phase transformation
is triggered through heating and cooling process under mechanical
loading. Therefore, several options of actuation are possible and it is
up to the designers/engineers to find the best solution for the different
actuation options. Another point to be considered is the evolution of
the actuator’s output (displacement of a rod, rotation of a pulley or
other) during its lifespan: the FF. This last factor is mainly associated
with the evolution of the SMA’s microstructure during cycling and, it
impacts directly on the macroscopic output parameters (transformation
and residual strains).
2

Fig. 1. Representation of the electrical–thermal–mechanical phenomena involved in
SMA actuation. A SMA wire is heated through the flow of electric current (𝑖), cooled
by forced convection generated by fans and loaded by a dead weight, represented as
‘Kg’.

For the heating of the SMA-actuator component, hereafter consid-
ered as a wire (the most implemented solution in literature [3,32].),
two main options are employed: hot blowing air and electric current
(Joule effect). The second solution is widely selected over the first due
to its higher heating rate and easier implementation.

With respect to the cooling process, the heat exchange through
convection is the most employed solution. For this, natural or forced
convection as well as the exchange fluid (air, water or other liquid)
can be selected depending on the project specifications. However, due
to cost reduction and to the small size the majority of SMA actuator,
the natural convection through air is the most employed method.

Depending on the desired displacement of the actuator (given by
an output strain (𝜀𝑜𝑢𝑡𝑝𝑢𝑡) of the SMA component), a constant or variable
load can be applied to the system. For this, dead weights, return springs
or other pieces can be used to load and return the system to initial state.

In summary, all these factors will impact directly the response of the
actuator during an actuation cycle. They are illustrated in Fig. 1. When
a long-term use is considered, in addition to the aforementioned factors,
the microstructural effects will also influence the actuator response and
must be taken into account in the modeling strategy. These mechanisms
are detailed in the following.

3. Experimental characterization of SMA actuators

During repeated actuation, SMA actuators exhibit a degradation in
their performance. This degradation is called FF. Despite the great
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Fig. 2. ad hoc fatigue testing machine. (a) CAD detail. (b) CAD representation. (c) Photo of the built machine.
number of studies regarding the structural fatigue of SMAs, FF is
less addressed. In addition, the majority of the works regarding FF
in SMA focuses on the superelastic effect (isothermal loading). Given
this context, the need for more extensive experimental data as well
as analysis and tools to understand the mechanisms involved during
thermal cycles is evident.

With this in mind, this section addresses the impact of the opera-
tional parameters (e.g. heating time, cooling time and applied stress)
on the FF, through an experimental analysis. A method to identify the
evolution of the functional properties is also presented and discussed
in the following.

3.1. Experimental characterization procedure

0.19 mm diameter trained NiTi wires produced by Dynalloy R⃝ have
been considered for the experimental tests to illustrate the actuation of
an SMA actuator over its lifespan.

Thermomechanical loading experiments were performed using an
ad hoc testing machine (Fig. 2). In such a machine, the SMA wires are
heated through the Joule effect, cooled by two electric commanded fans
and mechanically loaded via a dead weight. The actuator’s mechanical
response was measured by two laser sensors pointed to a target plate,
positioned at the same height as the end of the SMA wire. This target
plate composes the support part that is also responsible for electrically
powering the wire and for attaching the dead weight. The imposed
electric conditions (HT, CT and forced or natural convection regime)
were commanded through an ad hoc program and recorded by sensors
placed at a control board. To avoid any kind of noise during the
measurements, the power supplies for the measurement devices and for
the SMA wire were set distinctly.

Different testing conditions were applied by varying the constant
mechanical load (𝜎), the maximum electric current (i), the heating
time (HT) and the cooling time (CT) under a forced convection regime.
Subsequently, the experimental data were processed and the func-
tional parameters such as transformation strain (𝜀𝑡𝑟) and residual strain
(𝜀𝑟), were extracted for each cycle until failure or up to 130k cycles
when the fatigue life was considered unlimited for this application and
experiments were stopped.

The loading conditions were defined in a preliminary study in
which, firstly, a differential scanning calorimetry test (DSC) was per-
formed in order to evaluate the phase transformation temperatures of
the employed wire. Then, a wide range of values for HT, CT and 𝜎 was
tested, and only the sets of parameters that allow initial 𝜀𝑡𝑟 bigger than
2.5% (herein considered minimum output strain level for this actuator)
were chosen to be tested in a cyclic condition. Finally, the implemented
loading conditions are defined in Table 2.
3

Table 2
Considered experimental testing conditions.

Test Stress, Heating time, Cooling time, Maximum current,
number 𝜎 [MPa] HT [s] CT [s] i [A]

1 100 0.55 2 1
2 100 0.60 2 1

3 230 0.50 2 1
4 230 0.60 2 1

5 340 0.50 2 1
6 340 0.60 2 1

3.2. Experimental results

Given the experimental procedure, the evolution of the output strain
(actuation strain) under different loading conditions is presented until
130k cycles. Fig. 3 shows the evolution of the output strain (related
to the actuator displacement of the SMA component) for all tests. The
evolution of the strain has a logarithmic form for all tests but different
degradation rate is observed for each tested condition.

The latter is intimately associated with the microstructural evo-
lution of SMA during cyclic loading, which makes challenging the
analysis of the evolution of the output strain.

In order to link the measured strain to the underlying microstruc-
tural effects, a strain decomposition is proposed. This approach to-
gether with the analysis of other involved thermal phenomena is ad-
dressed in the following sections.

3.2.1. Microstructural mechanisms of the functional fatigue
The change in the macroscopic properties of the SMA actuators is di-

rectly associated with the microstructural evolution. Among the major
actors to microstructure change during cyclic loading, the interactions
between phase transformation and plasticity are the most significant.

The coupling between phase transformation and plasticity can occur
in two different modes: upon repeated and far under yield
strength loading and under thermomechanical conditions above the
yield strength. For SMA actuators, the first mode is significantly more
common.

Under cyclic loading, lattice defects accumulate due to the prop-
agation of austenite/martensite interfaces. These defects are directly
associated with plasticity (slip dislocations). As a result, residual stress-
induced martensite (RSIM) is initiated due to internal stress accu-
mulation [10,11,33] and the so-called Transformation Induced Plas-
ticity (TRIP) is triggered as a main result of phase transformation
coupling with plasticity [12,13,21,34]. Thus, RSIM and TRIP can be
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Fig. 3. Evolution of the output strain 𝜀𝑜𝑢𝑡 with the number of cycles. The implemented
oading stresses 𝜎 are represented in three different colors. 𝐻𝑇 values are colored in
ifferent shades accordingly to the color of each level of 𝜎.

irectly associated with the FF. RSIM is easier to identify at supposedly
ure austenite phase conditions and TRIP is present in both austenite
nd martensite phases. Hence, this work considers the microstructural
hanges by using two different strains related to the measured strain by
𝑜𝑢𝑡𝑝𝑢𝑡 = 𝜀𝑡𝑟 + 𝜀𝑟. By using this decomposition, one can associate TRIP
echanisms with drift in both transformation strain (𝛥𝜀𝑡𝑟) and residual

strains (𝛥𝜀𝑟) and the RSIM mechanisms with residual strain drift only,
as it is illustrated in Fig. 4.

To validate the source of the fatigue mechanisms affecting the FF, an
experimental analysis was conducted using a resistivity measurement
technique described in [8]. The resistivity analysis provides real-time
information on the microstructural state of the SMA during loading
through the measurement of a voltage variation. Therefore, this proce-
dure is very useful for identifying the evolution of the microstructure
when two different wire conditions (e.g. as received and cycled) are
compared.

Two ASME tests were conducted on the same SMA wire at 230
MPa, both under quasi-static conditions. These tests were performed
in tow separate occasions: one before subjecting the wire to 130k
fatigue cycles on the ad hoc testing machine, and the other after. The
testing condition for the fatigue test was identical to test number 3 in
Table 2. Two graphics results as the output of these tests, one regarding
the thermomechanical response and a second related to the electric
behavior. The results are presented in Fig. 5.

First, regarding the thermomechanical response, one may note some
of the well-known FF symptoms such as the reduction in the maximum
transformation strain amount, the narrowing of the hysteresis and
the evolution of the phase transformation temperatures. Second, by
analyzing the electric response, a significant difference between the
cycled and the as received condition can be noted, especially at higher
temperatures. As represented by the dashed lines, the resistivity of
pure states (e.g. stress-induced martensite or austenite) evolves linearly
with temperature. Therefore, pure states can be easily identified in a
resistivity analysis. Taking this into consideration, when comparing the
resistivity values at approximately 145 ◦C, it is evident that in the
ycled condition, the resistivity is significantly higher than in the as
eceived condition. This increase in resistivity suggests the presence
f martensite, which has a higher resistivity, even though it was ex-
ected to contain only the austenite phase. So, as aforementioned, the
artensite present in this stage is known as RSIM, which results from
combination of internal stress accumulation. It is worth noting that

lasticity induced by phase transformation is also present in the wire,
eanwhile, the presence of dislocations in resistivity analysis is less
erceptible.
4

In conclusion, the resistivity analysis presented evidence of the
SIM accumulation at high temperatures (by contrast to a supposedly
ure austenite phase) and illustrated that the mechanisms involved in
he FF are mainly due to the RSIM accumulation and the plasticity
ccumulation.

.2.2. Strain degradation
Looking at the transformation strain degradation (Fig. 6), the higher

alue is found at the beginning of the lifespan. Then, an exponential
volution takes place until about 3–5k cycles. This stage is also called
‘accommodation’’, when the major changes in the microstructure take
lace. Finally, an almost linear evolution occurs and continues until the
ailure of the actuator.

Similar dynamics can be observed in the residual strain (Fig. 6).
lthough, in this case, the initial amount is zero and, then it rises
xponentially during accommodation and then evolves linearly to its
aximum value at the end of the lifespan. The described evolution is

ypical of this material and it agrees well with other studies [15,35,36].
Now, looking at the control parameters (𝜎 and HT), one may note

hat they have a direct and strong impact on the evolution of the
easured strain. With the increase of 𝜎, the first stage of degradation

eems to be more pronounced (3–5k cycles). This effect can be best
bserved in a logarithmic scale (Fig. 6), where a greater slope for
igger 𝜎 values is observed. Regarding the impact of the HT, it impacts
irectly the amount of initial transformation strain. For the tests with
he same stress level, the higher the heating time, the higher is the
nitial transformation strain value (𝜀𝑡𝑟0 ). Therefore, it can be linked
o the maximum amount of stress-induced martensite volume fraction
ransformed into austenite. A similar impact of HT on the residual strain
volution is observed.

. Constitutive modeling

A literature review was performed in order to select the most
dapted modeling strategy regarding the phenomena of interest in this
tudy.

Several modeling strategies can be employed to simulate the be-
avior of SMAs. The models can be defined at macroscopic, micro and
icro-macro scales. While macroscopic approaches mainly consider ex-
erimental and phenomenological observations to establish interactions
etween the involved mechanisms and their kinetics, the micro and
icro-macro approaches use a wider phenomena data to process simu-

ate pertinent characteristics at microscopic level. In micro approaches,
he analysis is performed at the lattice level, typically using molecular
ynamics theory and the description of effects such as nucleation or
nterface motion [37–40]. Regarding the context and the goals of this
ork, the macroscopic approaches (usage scale) was chosen. Therefore,

he micro and micro-macro approaches will not be considered herein.
Table 1 shows that none of the cited modeling strategies fulfill the

MA features required in this work. However, some works [14,22,31]
how closer compatibility with the requirements, with only the ther-
omechanical coupling and the Joule heating missing. Considering the

vailable model extensions and also the compatibility with other less
elevant SMA features, the modeling strategy initially proposed by Bo
nd Lagoudas [14] and later extended [21,22,41–44] was chosen as the
ase model to be extended for the approach developed in this study.
n the next sections, the modifications to this modeling strategy are
escribed as well as its numerical implementation.

.1. Proposed model

Based on the modeling strategy proposed by Lagoudas et al. [43]
nd then extended for high-temperature SMA actuators by Chemisky
t al. [22], a thermomechanical model for SMA actuator is here pro-
osed. Here, modifications are considered to contemplate different
henomena such as FF, thermal exchange with the environment (heat-
ng by Joule effect and cooling by convection) and thermomechanical
oupling effects due to phase transformation.
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.1.1. Thermodynamical framework
Following the procedure applied on the aforementioned reference

odels, the Gibbs free energy potential can be written as a function
f the applied stress tensor 𝝈 and absolute temperature 𝑇 as external
tate variables and 𝐴𝑡 as the set of internal state variables associated
ith the inelastic transformation process: G(𝝈, T, 𝑨𝒕).

To be in accordance with the identified mechanism presented be-
ore, the set of internal state variables 𝐴𝑡 is chosen as 𝑨𝒕 =

(

𝜺𝒕𝒓, 𝜺𝒓, 𝜉, 𝑔𝑡
)

,
here: the transformation strain tensor 𝜺𝒕𝒓 is the inelastic strain gen-
rated during phase transformation; the residual strain tensor 𝜺𝒓 is the
nelastic strain associated to (RSIM) and also contains (TRIP) contribu-
ions ; the martensitic volume fraction 𝜉 accounts for the generation
nd recovery of all martensitic variants and varies between 0 ≤ 𝜉 ≤ 1;
nd the transformation hardening energy 𝑔𝑡 is a measure of the change
n mixing energy. Thus, the Gibbs free energy is then decomposed in
hree components:
(

𝝈, 𝑇 , 𝜺𝑡𝑟, 𝜺𝑟, 𝜉, 𝑔𝑡
)

= (1 − 𝜉)𝐺𝐴(𝝈, 𝑇 ) + 𝜉𝐺𝑀 (𝝈, 𝑇 ) + 𝐺mix (𝝈, 𝜺𝑡𝑟, 𝜺𝑟, 𝑔𝑡
)

,

where 𝐺𝛾 accounts for the thermoelastic free energy associated to pure
states (𝛾 = 𝐴 or 𝑀) and 𝐺𝑚𝑖𝑥 corresponds to a mixing energy term.

The total strain partition is given by:

𝜺 = 𝜺𝒆𝒍 + 𝜺𝒕𝒉 + 𝜺𝒕𝒓 + 𝜺𝒓. (1)

By implementing the standard thermodynamical procedure defined
by Coleman and Noll [45] and Coleman [46] the first law of thermo-
dynamics can be expressed as:

𝜌�̇� = 𝝈 ∶ �̇� − 𝑑𝑖𝑣(q) + 𝜌𝑟, (2)

where 𝑢 is the mass-specific internal energy, 𝐪 is the heat flux vector,
and 𝑟 is the rate of internal heat generation.

Similarly, the second law of thermodynamics (Clausius–Planck in-
equality) can be formulated as:

𝜌�̇� + 1
𝑇
𝑑𝑖𝑣(q) − 𝜌𝑟

𝑇
⩾ 0, (3)

where 𝑠 is the mass specific entropy. Multiplying Eq. (3) by 𝑇 and
ubstituting in Eq. (2) to eliminate div(q), we find:

�̇�𝑇 + 𝝈 ∶ �̇� − 𝜌�̇� ⩾ 0. (4)

Considering the Gibbs free energy potential, given as:

= 𝑢 − 1𝝈 ∶ 𝜺 − 𝑠𝑇 . (5)
5

𝜌

Substituting the time rate of change of Eq. (5) into Eq. (4), the Gibbs
free energy rate is obtained:

−𝜌�̇� − �̇� ∶ 𝜺 − 𝜌𝑠�̇� ⩾ 0. (6)

By applying the chain rule to 𝐺 and using the set of internal
variables defined in Eq. (1), we have:

−𝜌(𝜕𝜎𝐺 ∶ �̇�+𝜕𝑇𝐺�̇� +𝜕𝜀𝑡𝑟𝐺 ∶ �̇�𝑡𝑟+𝜕𝜀𝑟𝐺 ∶ �̇�𝑟+𝜕𝜉𝐺�̇�+𝜕𝑔𝑡𝐺�̇�𝑡)− �̇� ∶ 𝜺−𝜌𝑠�̇� ⩾ 0,

here 𝜕𝑗𝐺 is the partial derivative of 𝐺 with respect to 𝑗. Then, by
sing the methodology of Coleman and Noll [45] and the terms from
he latter equation, the state relations for the strain and entropy can be
btained:

= −𝜌𝜕𝜎𝐺 =  ∶ 𝝈 + 𝜶
(

𝑇 − 𝑇0
)

+ 𝜺𝑡𝑟 + 𝜺𝑟, (7)

= −𝜕𝑇𝐺 = 1
𝜌
𝜶 ∶ 𝝈 + 𝑐 ln

(

𝑇
𝑇0

)

+ 𝑠0. (8)

From the remaining terms in Eq. (7), the generalized thermody-
amical forces conjugated to the internal variables can be obtained.
n this approach, the parameters 𝜌 and 𝜶 denote the density and the
hermal expansion tensor, respectively, and are assumed to be phase-
ndependent. The other given parameters (, c, 𝑠0 and 𝑇0) are phase
ependent and correspond to the elastic compliance tensor, specific
eat, specific entropy at the reference state, specific internal energy at
he reference state and the reference temperature, respectively. Addi-
ionally, considering a mixture law for the elastic compliance tensors
austenite and martensite), the current compliance tensor is obtained:
=  + 𝜉( − ).

𝜌𝜕𝜉𝐺 = 𝑝, −𝜌𝜕𝜀𝑡𝑟𝐺 = 𝝈, −𝜌𝜕𝜀𝑟𝐺 = 𝝈, −𝜌𝜕𝑔𝑡𝐺 = −1. (9)

By using the obtained relations, the second law can be rewritten as:

�̇� + 𝝈 ∶ ( ̇𝜺𝑡𝑟 + �̇�𝑟) − �̇�𝑡 ⩾ 0, (10)

where 𝑝 is the generalized thermodynamic force and can be expressed
as:

𝑝 = 1
2
𝝈 ∶ 𝛥 ∶ 𝝈 + 𝝈 ∶ 𝛥𝜶

(

𝑇 − 𝑇0
)

− 𝜌𝛥𝑐
[

(

𝑇 − 𝑇0
)

− 𝑇 ln
(

𝑇
)]

+ 𝜌𝛥𝑠0𝑇 − 𝜌𝛥𝑢0, (11)

𝑇0
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Fig. 5. Comparison between an as received and a cycled wire. In graphic a), strain
degradation is represented by the yellow and green dots and the elastic loading until
230 MPa before the temperature variation is indicated by arrows. In graphic b), the
dashed lines represent the evolution of the resistivity with temperature for pure states.
The yellow and green dots represent the RSIM accumulation after cycling.

where the operator 𝛥 denotes the difference of material constant be-
tween pure states (A and M). As for 𝑠0, 𝑢0 is phase dependent and
correspond to specific internal energy at the reference state.

As all internal variables are associated to the evolution of 𝜉, one
may define all the thermodynamic forces conjugate to 𝜉 as:
(

𝝈 ∶
(

𝛬𝑡 + 𝛬𝑟) + 𝑝 − 𝑓 𝑡) �̇� = 𝜋𝑡�̇� ⩾ 0, (12)

where 𝜋𝑡 includes the coupled contributions of transformation and
residual strain, the hardening energy evolution 𝑓 𝑡 (described in the
following) as well as the transformation dissipation.

Finally, the decomposed Gibbs free energy terms (𝐺𝛾 and 𝐺𝑚𝑖𝑥) can
be rewritten as:

𝐺𝛾 (𝝈, 𝑇 ) = − 1
2𝜌

𝝈 ∶ 𝛾 ∶ 𝝈 − 1
𝜌
𝝈 ∶ 𝜶

(

𝑇 − 𝑇0
)

+ 𝑐𝛾
[

(

𝑇 − 𝑇0
)

− 𝑇 ln
(

𝑇
𝑇0

)]

− 𝑠𝛾0𝑇 + 𝑢𝛾0, (13)
6

Fig. 6. Transformation and Residual strain evolution in normal and logarithmic scales.
The implemented 𝜎 are represented in three different colors. 𝐻𝑇 values are colored in
different shades accordingly to the color of each level of 𝜎.

𝐺𝑚𝑖𝑥 (𝝈, 𝜺𝑡𝑟, 𝜺𝑟, 𝑔𝑡
)

= −1
𝜌
𝝈 ∶

(

𝜺𝑡𝑟 + 𝜺𝑟
)

+ 1
𝜌
𝑔𝑡. (14)

4.1.2. Conservation of energy
In this section, the thermomechanical coupling and the intrinsic dis-

sipation terms are considered for SMA actuator under uniaxial loading
in order to establish the equilibrium equation of heat for the present
model.

By manipulating the two principles of thermodynamics, the follow-
ing form of the conservation of energy is obtained:

−𝜌𝑇 𝜕2𝐺
𝜕𝝈𝜕𝑇

∶ �̇� − 𝜌𝑇 𝜕2𝐺
𝜕𝑇 2

�̇� − 𝜌𝑇 𝜕2𝐺
𝜕𝑨𝒊𝜕𝑇

∶ �̇�𝒊 −𝐷𝑖 = −𝑑𝑖𝑣(q) + 𝜌𝑟, (15)

By considering the intrinsic dissipation (Eq. (12)), the equation can
be reduced to

𝑇𝜶 ∶ �̇� − 𝜌𝑐𝛥𝑇 +
(

−𝜋𝑡 + 𝜌𝛥𝑠0𝑇
)

𝛥𝜉 = −𝑑𝑖𝑣(𝒒) + 𝜌𝑟, (16)

where c is the specific heat capacity (assumed equal for both austenite
and martensite phases), 𝜋𝑡 is the effective thermodynamic driving force
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𝜀
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for transformation, 𝒒 ∈ ℜ3 is the heat flux vector, and r is the specific
heat source/sink term.

For the studied form of the actuator (thin wire), the heat transfer
due to conduction through the cross-section and through the axial
direction is assumed very small compared to convection heat transfers,
therefore conduction effects are neglected. Then, the heat transfer
through convection for a circular cross-section under one-dimensional
assumptions can be written, leading to the heat flux vector:

𝑞(𝑇 ) = −
𝐴𝑤𝑖𝑟𝑒
𝑉𝑤𝑖𝑟𝑒

ℎ(𝑇 − 𝑇𝑎𝑚𝑏) = −4ℎ
𝑑
(𝑇 − 𝑇𝑎𝑚𝑏), (17)

where h is the heat convection coefficient, d is the diameter of the
considered wire, 𝐴𝑤𝑖𝑟𝑒 and 𝑉𝑤𝑖𝑟𝑒 are the surface and the volume of the
wire, respectively, and 𝑇𝑎𝑚𝑏 is the room temperature.

Substituting Eq. (17) into Eq. (16) and considering the
one-dimensional assumptions, the following simplified conservation of
energy equation proposed by Tabesh et al. [44] is obtained:

𝑇𝛼�̇� − 𝜌𝑐𝛥𝑇 +
(

−𝜋𝑡 + 𝜌𝛥𝑠0𝑇
)

𝛥𝜉 = 𝑞(𝑇 ) + 𝜌𝑟, (18)

4.1.3. Evolution equations
Here, the main identified evolution mechanisms in SMA actuator

are expressed through the strain tensors and the hardening energy.
First, to describe the evolution of the transformation and residual

strain tensors during thermomechanical cycles, the accumulated de-
twinned martensite volume fraction (𝜁𝑑) is employed as drive variable.
This parameter was first introduced by Bo and Lagoudas [14] and it is
expressed as:

𝜁𝑑 = ∫ �̇�𝑑 (𝜏)𝑑𝜏, (19)

where, �̇�𝑑 represents the rate of detwinned martensite volume fraction
formed during a cycle and it is proportional to the rate of martensite
volume fraction with proportionality constant 𝐻cur

𝐻sat
.

̇ 𝑑 = 𝐻cur

𝐻sat
�̇�, (20)

𝐻𝑐𝑢𝑟 is the uniaxial maximum transformation strain magnitude for
full transformation and it depends on the effective stress (𝐻𝑐𝑢𝑟 =
𝐻𝑐𝑢𝑟(�̄�)), which is defined in the Mises sense as:

�̄� =
√

3
2
𝝈′ ∶ 𝝈′, (21)

where 𝜎′ is the deviatoric part of the stress tensor.
To account for the dependency of 𝐻𝑐𝑢𝑟 on the stress level, Hartl

et al. [47] proposed an exponential function based on empirical evi-
dences. The values of 𝐻𝑐𝑢𝑟 vary between a minimum quantity when
not mechanically loaded (𝐻min), corresponding to the Two Way Shape
Memory effect (TWSME) and a saturation value (𝐻𝑠𝑎𝑡) when loaded.
The transition between two maximum strain levels is governed by
two parameters: the critical stress magnitude (�̄�𝑐𝑟𝑖𝑡), which denotes the
initial transition point from 𝐻min to 𝐻𝑠𝑎𝑡 and 𝑘 that controls the rate
of exponential evolution between these same two levels. Finally, the
function is given by the following equation:

𝐻𝑐𝑢𝑟(�̄�) =

⎧

⎪

⎨

⎪

⎩

𝐻𝑚𝑖𝑛; �̄� ⩽ �̄�𝑐𝑟𝑖𝑡,

𝐻𝑚𝑖𝑛 +
(

𝐻𝑠𝑎𝑡 −𝐻𝑚𝑖𝑛
)

(

1 − 𝑒−𝑘(�̄�−�̄�𝑐𝑟𝑖𝑡)
)

; �̄� > �̄�𝑐𝑟𝑖𝑡.
(22)

Once the description of the cyclic driven parameters is given, the
strain tensors can be defined. As shown by the experiments, unrecover-
able inelastic strain is accumulated during actuation mainly due to TRIP
and RSIM mechanisms. However, dissociating these mechanisms is dif-
ficult. Therefore, the accumulation of unrecoverable strain is inserted
in both transformation and residual strains to be directly compared to
the macroscopic experimental observations.

In this work, we consider the transformation unrecoverable part to
be related to TRIP accumulation effects and the residual unrecoverable
7

d

strain to be associated to RSIM and to TRIP. Consequently, both strains
are dependent on the history of the martensitic phase transforma-
tion [14,21]. Thus, the transformation strain definition of [14,21,22]
is modified by considering the logarithmic-type trends observed in the
experimental analysis instead of exponential-type curves. So, the trans-
formation tensor during forward (�̇� > 0) and reverse transformation
(�̇� < 0) is defined as:

̇ 𝑡𝑟 = 𝛬𝑡�̇�, 𝛬𝑡 =

⎧

⎪

⎨

⎪

⎩

𝛬𝑡
𝑓𝑤𝑑 , �̇� > 0

𝛬𝑡
𝑟𝑒𝑣, �̇� < 0

(23)

𝛬𝑡
𝑓𝑤𝑑 = 3

2
𝐻𝑐𝑢𝑟 𝝈′

�̄�
(

𝑎𝑡𝑟𝑙𝑜𝑔(𝜁𝑑 ) + 1
)

, (24)

𝛬𝑡
𝑟𝑒𝑣 = 𝜺𝑡−𝑟

𝜉𝑡−𝑟
(

𝑎𝑡𝑟𝑙𝑜𝑔(𝜁𝑑 ) + 1
)

, (25)

In Eqs. (24) and (25) the term in parenthesis account for the cyclic
evolution, commanded by the material parameters 𝑎𝑡𝑟 and 𝑏𝑡𝑟. Addi-
tionally, 𝜺𝑡−𝑟 and 𝜉𝑡−𝑟 correspond to the macroscopic transformation
strain and to martensite volume fraction at the reversal transformation,
respectively.

Considering the same approach as for transformation strain and
inspired by the work of Lagoudas and Entchev [16] and Chemisky et al.
[21], the residual direction tensor is defined as:

�̇�𝑟 = 𝛬𝑟�̇�, 𝛬𝑟 =

⎧

⎪

⎨

⎪

⎩

𝛬𝑟
𝑓𝑤𝑑 , �̇� > 0

𝛬𝑟
rev, �̇� < 0

(26)

𝛬𝑟
𝑓𝑤𝑑 is the residual direction tensor during the forward transforma-

tion and 𝛬𝑟
rev during the reverse transformation. Although there is no

general agreement if the triggering of residual strain mostly takes place
during the forward, reverse or in both transformations, some authors
[5,48] showed that the applied stress levels are one key to this process.
Under low stress levels (as the ones evaluated in this work) the plastic
mechanisms are hardly activated during reverse transformation. Hence,
in this work, the residual strain is considered to take place only during
the forward transformation. Finally, the two tensors are defined as:

𝛬𝑟
𝑓𝑤𝑑 = 3

2
𝝈′

�̄�
(

𝑎𝑟𝑙𝑜𝑔(−𝜁𝑑 )
)

, (27)

𝛬𝑟
𝑟𝑒𝑣 = 0. (28)

Finally, an evolution equation is also needed to link the time rate
of change of the hardening energy (�̇�𝑡) to that of the volume fraction
of martensite �̇�:

�̇�𝑡 = 𝑓 𝑡�̇�, 𝑓 𝑡 =

⎧

⎪

⎨

⎪

⎩

𝑓 𝑡
𝑓𝑤𝑑 , �̇� > 0,

𝑓 𝑡
𝑟𝑒𝑣, �̇� < 0,

(29)

where 𝑓 𝑡 is the hardening function that describes smooth transition
from elastic to transformation response [43]. The hardening functions
are given by:

𝑓 𝑡
fwd (𝜉) = 1

2
𝑎1 (1 + 𝜉𝑛1 − (1 − 𝜉)𝑛2 ) + 𝑎3,

𝑓 𝑡
rev (𝜉) = 1

2
𝑎2 (1 + 𝜉𝑛3 − (1 − 𝜉)𝑛4 ) − 𝑎3.

(30)

The exponents 𝑛1, 𝑛2, 𝑛3 and 𝑛4 are real values in the interval
(0, 1) and are determined from calibration to best fit the martensite
transformation hysteresis. The remaining coefficients (𝑎1, 𝑎2, 𝑎3 and 𝑎4)
re model parameters that characterize the martensite transformation.

.1.4. Transformation critical thermodynamic forces
With the evolution equations and the thermodynamic conditions
etermined, two critical thermodynamic driving forces functions are
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necessary to establish the start and to maintain the martensite trans-
formation [41]. These functions are denoted as 𝑌 𝑡

𝑓𝑤𝑑 and 𝑌 𝑡
𝑟𝑒𝑣 and

intervene in the transformation functions 𝛷𝑡
𝑓𝑤𝑑 and 𝛷𝑡

𝑟𝑒𝑣.
The following forms of 𝑌 𝑡

𝑓𝑤𝑑 and 𝑌 𝑡
𝑟𝑒𝑣 are assumed [47]:

𝑌 𝑡
𝑓𝑤𝑑 (𝝈) = 𝑌 𝑡

0 +𝐷𝝈 ∶
(

𝜦𝒕 +𝜦𝒓) , (31)

𝑌 𝑡
𝑟𝑒𝑣(𝜎) = 𝑌 𝑡

0 +𝐷𝝈 ∶
(

𝜦𝒕 +𝜦𝒓) , (32)

where 𝐷 is a model parameter that allows to represent the stress
dependency of the critical thermodynamical forces and 𝑌 𝑡

0 is a constant
parameter.

The forward phase transformation function is given by:

𝛷t
𝑓𝑤𝑑 (𝝈, 𝑇 , 𝜉) = 𝜋t

𝑓𝑤𝑑 − 𝑌 t
𝑓𝑤𝑑 , (33)

and based on the Kuhn–Tucker conditions it implies that:

�̇� ⩾ 0, 𝛷𝑡
𝑓𝑤𝑑 ⩽ 0, 𝛷𝑡

𝑓𝑤𝑑 �̇� = 0. (34)

Following the same procedure, the reverse transformation function
is given by:

𝛷t
𝑟𝑒𝑣(𝝈, 𝑇 , 𝜉) = −𝜋t

𝑟𝑒𝑣 + 𝑌 t
𝑟𝑒𝑣, (35)

and based on the Kuhn–Tucker conditions it implies that:

�̇� ⩽ 0, 𝛷𝑡
𝑟𝑒𝑣 ⩽ 0, 𝛷𝑡

𝑟𝑒𝑣�̇� = 0. (36)

4.1.5. One-dimensional reduction
The described relations in the previous sections can be expressed

in the form of 20 scalar equations: (a) the evolution of transformation
strain (Eq. (23)), (b) the evolution of residual strain (Eq. (26)), (c) the
evolution of hardening energy (Eq. (29)), (d) the strain decomposition
(Eq. (7)), (e) the Kuhn–Tucker condition for transformation (Eq. (34)
or Eq. (36)). Together with the 20 scalar unknowns

(

𝝈, 𝜺𝒕𝒓, 𝜺𝒓, 𝜉 , and
𝑔𝑡
)

, it is possible to solve the system given a stress and temperature
increment.

As the mechanical loading for the considered SMA-based actuator is
an uniaxial loading (tension along a wire), the model parameters can
be reduced to a one-dimensional case, where 𝝈 can be reduced to 𝜎11
(𝜎𝑖𝑗 = 0). The transformation and residual strain components are given
as :

𝜀𝑡𝑟11 = 𝜀𝑡𝑟, 𝜀𝑡𝑟22 = 𝜀𝑡𝑟33 = −1
2
𝜀𝑡𝑟 𝜀𝑡𝑟𝑖𝑗 = 0, (37)

nd,

𝑟
11 = 𝜀𝑟, 𝜀𝑟22 = 𝜀𝑟33 = −1

2
𝜀𝑟 𝜀𝑟𝑖𝑗 = 0. (38)

Thus, the strain decomposition is given as:

= 𝜀𝑒𝑙 + 𝜀𝑡ℎ + 𝜀𝑡𝑟 + 𝜀𝑟, (39)

Then, the relation between stress and strain reduces to:

𝜎 = 𝐸(𝜉)
[

𝜀 − 𝛼
(

𝑇 − 𝑇0
)

− 𝜀𝑡𝑟 − 𝜀𝑟
]

(40)

where 𝐸 is defined as:

𝐸(𝜉) =
[

1∕𝐸𝐴 + 𝜉
(

1∕𝐸𝑀 − 1∕𝐸𝐴)]−1 (41)

The evolution equations for the transformation and the residual
strain reduce into:

̇𝜀𝑡𝑟 = 𝛬𝑡�̇�; 𝛬𝑡 =

⎧

⎪

⎨

⎪

⎩

𝐻𝑐𝑢𝑟(𝜎)(𝑎𝑡𝑟𝑙𝑜𝑔(𝜁𝑑 ) + 1) sgn(𝜎), 𝜉 > 0,

(𝑎𝑡𝑟𝑙𝑜𝑔(𝜁𝑑 ) + 1)𝜀𝑡−𝑟∕𝜉𝑡−𝑟; 𝜉 < 0.
(42)

�̇�𝑟 = 𝛬𝑟�̇�; 𝛬𝑟 =

{

𝑎𝑟𝑙𝑜𝑔(𝜁𝑑 ), 𝜉 > 0,
(43)
8

0, 𝜉 < 0.
By considering 𝛥𝑐 and 𝛥𝛼 nulls (common engineering assump-
tions) and that the evolution of the hardening energy remains un-
changed from Eq. (29), the transformation function during forward
transformation simplifies to:

𝛷𝑡
fwd(𝜎, 𝑇 , 𝜉) = (1 −𝐷)

(

𝛬𝑡
𝑓𝑤𝑑 + 𝛬𝑟

𝑓𝑤𝑑

)

𝜎 + 1
2
( 1
𝐸𝑀 − 1

𝐸𝐴 )𝜎2

+ 𝜌𝛥𝑠0𝑇 − 𝜌𝛥𝑢0 − 𝑓 𝑡
fwd (𝜉) − 𝑌 𝑡

0 = 0, (44)

nd for reverse transformation it is given by:
𝑡
𝑟𝑒𝑣(𝜎, 𝑇 , 𝜉) = −(1 +𝐷)

(

𝛬𝑡
𝑟𝑒𝑣 + 𝛬𝑟

𝑟𝑒𝑣
)

𝜎 − 1
2
( 1
𝐸𝑀 − 1

𝐸𝐴 )𝜎2

− 𝜌𝛥𝑠0𝑇 + 𝜌𝛥𝑢0 + 𝑓 𝑡
𝑟𝑒𝑣(𝜉) − 𝑌 𝑡

0 = 0. (45)

. Numerical implementation of the constitutive model

Once the description of the proposed constitutive model is given
nd the most important actuation factors are incorporated into the heat
quation, the numerical implementation procedure can be described.

As the model accounts for thermomechanical and thermoelectrical
ouplings, a resolution strategy for this problem is proposed based
n [49,50] work: a weak coupling method used to resolve the partial
ifferential equations sequentially.

Firstly, an electrical analysis is performed considering the electrical
nput on the system (𝑖𝑛+1) and the heat exchange with the surroundings
ia convection. Secondly, a thermo-elastic prediction accounting for the
eat generated in the previous stage is evaluated. Then, if the predicted
hermoelastic state violates the transformation criterion (𝛷𝑡

𝑓𝑤𝑑 > 0
r 𝛷𝑡

𝑟𝑒𝑣 > 0), the evolution of 𝜀𝑡𝑟 and 𝜀𝑟 can be incrementally eval-
ated by using an implicit integration scheme that accounts for the
hermomechanical coupling. For this stage, a return mapping algorithm
RMA) [51] is used to evaluate the model increment outputs for a given
tress and temperature increments. Finally, this procedure is repeated
ver again until the convergence criteria are satisfied. Fig. 7 presents a
lowchart of the described strategy.

In the sequel, subscript (𝑛) refers to the time step and the in-
ices (𝑘) and (𝑘 + 1) denote the number of iterations in the SMA
hermomechanical analysis stage and during a time step (𝑛).

.1. Electrical analysis

As aforementioned the main heating principle implemented for
MA-based actuators is the Joule effect. Therefore, for the first stage of
he numerical implementation, the total electrical energy provided to
he actuator is considered to be completely converted into heat. Thus,
he added energy in the system is considered as the heat source/sink
erm in Eq. (18). To evaluate this term, the density of heat (𝑞𝑐) devel-

oped by DC current (i) passing through a homogeneous conductor is
expressed as [52]:

𝑞𝑐 =
𝑖2𝑅
𝑉𝑤𝑖𝑟𝑒

, (46)

The electrical resistance can also be expressed as:

𝑅 =
𝜌𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝐿
𝐴𝑤𝑖𝑟𝑒

, (47)

where, 𝜌𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 is the electrical resistivity of the wire, here considered
as temperature and martensite volume fraction dependent (𝜌𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 =
𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐 (𝜉, 𝑇 )). L is the total length of the wire actuator. Substituting
q. (47) in Eq. (46) we obtain the density of heat as a function of
lectrical resistivity.

𝑐 =
𝜌𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐𝐿
𝐴𝑤𝑖𝑟𝑒

𝑖2

𝑉𝑤𝑖𝑟𝑒
⇒ 𝑞𝑐 = 𝜌𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐

(

4𝑖
𝜋𝑑2

)2
. (48)

Considering a time period (𝛥𝑡), the previous equation can be ex-
pressed as the heat source/sink term.

𝜌𝑟 = 𝜌.𝜌𝑒𝑙𝑒𝑐𝑡𝑟𝑖𝑐
(

4𝑖
)2

𝛥𝑡. (49)

𝜋𝑑2
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At this stage, the electrical resistivity value is estimated by using the
emperature and martensitic volume fraction from the previous time
tep (n). This approximation is applicable since the resistivity value
aries very little with small stress and current increments.

The heat source/sink term is then evaluated and will be the input
f the next stage.

.2. Thermoelastic prediction analysis

In the second stage, the prediction of the stress and temperature
erms is considered, 𝛥𝜺𝑡𝑒𝑝(𝑘)𝑛+1 and 𝛥𝑇 𝑡𝑒𝑝(𝑘)

𝑛+1 , respectively. At this step, no
hase transformation is supposed to occur and, therefore, no transfor-
ation or residual strain is produced (𝛥𝜉 = 𝛥𝜺𝒕𝒓 = 𝛥𝜺𝒓 = 0) and the

variables values that are dependent on the martensite volume fraction
() are consider the same as in the previous step (n). To evaluate the
increments in stress and temperature, the incremental forms of Eqs. (7),
(16) and (17) are considered. These forms are given by:

𝑇𝑛𝜶 ∶ 𝛥𝝈𝑛+1 − 𝜌𝑐𝛥𝑇 𝑡𝑒𝑝(𝑘)
𝑛+1 = (𝑞(𝑇𝑛) + 𝜌𝑟)𝛥𝑡, (50)

𝛥𝜺𝑛+1 = 𝑺𝑛𝛥𝝈𝑛+1 − 𝜶𝛥𝑇 𝑡𝑒𝑝(𝑘)
𝑛+1 (51)

Then, by solving the linear system formed by Eqs. (50) and (51), we
find the thermoelastic prediction increments 𝛥𝑇 𝑡𝑒𝑝(𝑘)

𝑛+1 and 𝛥𝜺𝑡𝑒𝑝(𝑘)𝑛+1 :

𝛥𝑇 𝑡𝑒𝑝(𝑘)
𝑛+1 = −

(

𝑞(𝑇𝑛) + 𝜌𝑟
)

𝛥𝑡
𝜌𝑐

+
𝑇𝑛
𝜌𝑐

(

𝛥𝜶 ∶ 𝝈𝑛+1
)

, (52)

𝜺𝑡𝑒𝑝(𝑘)𝑛+1 = 𝑺𝑛𝛥𝝈𝑛+1 −

(

𝑞(𝑇𝑛) + 𝜌𝑟
)

𝛥𝑡
𝜌𝑐

𝜶 +
𝑇𝑛
𝜌𝑐

𝜶
(

𝜶 ∶ 𝛥𝝈𝑛+1
)

. (53)

The aforementioned increments are then used to evaluate tempera-
ure and strain corresponding to both stress and heat source/sink term
nput increments during the considered time step.

.3. SMA thermomechanical analysis

For the last stage, the goal is to solve the thermoelastic-transformatio
roblem defined by the total strain relation Eq. (7), the flow rules
qs. (34) and (36), and the transformation function Eqs. (33) and (35).
9

After the thermoelastic prediction, if the phase transformation is to
ake place (𝛷𝑡

𝑓𝑤𝑑 ≥ 0 or 𝛷𝑡
𝑟𝑒𝑣 ≥ 0), several iterative corrections are

erformed until the re-establishment of the consistency condition. Fol-
owing the established procedure in [41], the closest point projection
cheme gives the iterative-incremental relation for Eqs. (23) and (26):
𝑡𝑟(𝑘+1)
𝑛+1 = 𝜺𝑡𝑟(𝑘)𝑛+1 + 𝛥𝜺𝑡𝑟(𝑘)𝑛+1 , (54)

where 𝛥𝜺𝑡𝑟(𝑘)𝑛+1 after some simplifications is given as:

𝛥𝜺𝑡𝑟(𝑘)𝑛+1 = 𝛥𝜉(𝑘)𝑛+1𝜦
𝑡
(

𝝈(𝑘)
𝑛+1

)

. (55)

Likewise, the iterative update for the other strain is given by:

𝛥𝜺𝑡ℎ(𝑘)𝑛+1 = 𝜶𝛥𝑇 (𝑘)
𝑛+1, 𝛥𝜺𝑒𝑙(𝑘)𝑛+1 =

𝝈(𝑘)
𝑛

𝐸(𝑘)
𝑛 (𝜉)

+ 𝛥 ∶ 𝝈(𝑘)
𝑛+1, 𝛥𝜺𝑟(𝑘)𝑛+1 = 𝛥𝜉(𝑘)𝑛+1𝜦

𝑟
(

𝝈(𝑘)
𝑛+1

)

.

(56)

The decomposition of incremental strains is given by:

𝛥𝜺(𝑘)𝑛+1 = 𝛥𝜺𝑒𝑙(𝑘)𝑛+1 + 𝛥𝜺𝑡ℎ(𝑘)𝑛+1 + 𝛥𝜺𝑡𝑟(𝑘)𝑛+1 + 𝛥𝜺𝑟(𝑘)𝑛+1. (57)

Given Eq. (56) and considering that the stress increment is null
(𝛥𝝈(𝑘)

𝑛+1 = 0), Eq. (57) can be rewritten as:

𝛥𝜺(𝑘)𝑛+1 = 𝛥 ∶ 𝝈(𝑘)
𝑛+1𝛥𝜉

(𝑘)
𝑛+1 + 𝜶𝛥𝑇 (𝑘)

𝑛+1 +𝜦𝑡
(

𝝈(𝑘)
𝑛+1

)

𝛥𝜉(𝑘)𝑛+1 +𝜦𝑟
(

𝝈(𝑘)
𝑛+1

)

𝛥𝜉(𝑘)𝑛+1.

(58)

In order to verify the consistency condition in the next iterations,
he following is necessary:
𝑡(𝐾)
𝑛+1 + 𝛥𝜙𝑡(𝐾)

𝑛+1 = 𝜙𝑡(𝑘+1)
𝑛+1 ≃ 0. (59)

Applying the chain rule to the last:
(𝑘)
𝑛+1 + 𝜕𝜎𝛷

(𝑘)
𝑛+1 ∶ 𝛥𝝈(𝑘)

𝑛+1 + 𝜕𝑇𝜙
(𝑘)
𝑛+1𝛥𝑇

(𝑘)
𝑛+1 + 𝜕𝜉𝜙

(𝑘)
𝑛+1𝛥𝜉

(𝑘)
𝑛+1 ≃ 0 (60)

The obtained relation can be simplified by considering again that
he stress increment is null

(

𝛥𝝈(𝑘)
𝑛+1

)

:

(𝑘) + 𝜕 𝜙(𝑘) 𝛥𝑇 (𝑘) + 𝜕 𝜙(𝑘) 𝛥𝜉(𝑘) ≃ 0, (61)
𝑛+1 𝑇 𝑛+1 𝑛+1 𝜉 𝑛+1 𝑛+1
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Table 3
Necessary material parameters for the model.

Model parameter Symbols (unit) Identified Values from literature

Thermoelasticity
Young’s modulus 𝐸𝐴, 𝐸𝑀 (GPa) 73, 37 46, 25

Lagoudas and Entchev [16]
Thermal expansion coefficients 𝛼𝐴, 𝛼𝑀 (K−1) – 11E−6, 6E−6

Lagoudas and Entchev [16]

Phase transformation
Transformation slopes 𝐶𝐴, 𝐶𝑀 (MPa K−1) 6.9, 9.9 8.3, 6.7 [22]
Hardening parameters 𝑛1, 𝑛2, – 0.17, 0.27,

𝑛3, 𝑛4 0.25, 0.35 [32]

Cycling
Evolution coef. for transf. strain 𝑎𝑡𝑟 −3.3E−5 –
Evolution coef. for residual strain 𝑎𝑟 8.6E−6 –

Thermal exchange
Convection coefficient h (W/m2 K) 350 100 [44]
Density 𝜌 (kg/m3) – 6500 [44]
Specific heat c (J/kg K) – 400 [44]

Electrical parameters
Slope of pure A and M 𝜇𝐴, 𝜇𝑀 0.34E−9, 1.34E−9 –
Initial resistivity of pure A and M 𝜌𝐴, 𝜌𝑀 7.07E−7, 7.69E−7 –
Now, the thermomechanical coupling due to the phase transforma-
ion is introduced in the problem via the incremental version of the
eat equation (Eq. (18)), rewritten considering

(

𝛥𝝈(𝑘)
𝑛+1

)

:

−𝜌𝑐𝛥𝑇 (𝑘)
𝑛+1 +

(

−𝜋𝑡(𝑘)
𝑛+1 + 𝜌𝛥𝑠0𝑇

(𝑘)
𝑛+1

)

𝛥𝜉(𝑘)𝑛+1 = 𝑞(𝑇 ) + 𝜌𝑟, (62)

Since the heat source/sink term was already considered in this step
at the first stage and assuming no heat exchange with surroundings
during the phase transformation, a simplified relation is obtained:

−𝜌𝑐𝛥𝑇 (𝑘)
𝑛+1 +

(

−𝜋𝑡(𝑘)
𝑛+1 + 𝜌𝛥𝑠0𝑇

(𝑘)
𝑛+1

)

𝛥𝜉(𝑘)𝑛+1 = 0, (63)

Finally, for each correction iteration, the following linear system of
wo equations (Eq. (61) and Eq. (63)) with two unknowns 𝛥𝜉(𝑘)𝑛+1 and
𝑇 (𝑘)
𝑛+1 is solved:

𝜕𝜉𝛷
𝑡(𝑘)
𝑛+1 𝜕𝑇𝛷

𝑡(𝑘)
𝑛+1

−𝜋𝑡(𝑘)
𝑛+1 + 𝜌𝛥𝑠0𝑇

(𝑘)
𝑛+1 𝜌𝑐

][

𝛥𝜉(𝑘)𝑛+1

𝛥𝑇 (𝑘)
𝑛+1

]

=

[

−𝛷𝑡(𝑘)
𝑛+1

0

]

(64)

Once the 𝜉(𝑘)𝑛+1 and 𝛥𝑇 (𝑘)
𝑛+1 increments are evaluated, the other vari-

ables are updated. Then, the consistency condition is compared with a
tolerance value. If the value is within the limits, the step is concluded,
otherwise, a new iteration will start.

6. Simulation results and validation

In this section, the modeling results of the proposed model are
compared with the acquired experimental data for a given test under
the following conditions: ∅0,19 mm (wire diameter), 𝜎 = 100 MPa, HT
= 0.7 s, CT = 3 s and i = 1 A. The room temperature was considered
as 20 ◦C.

In addition to the acquired experimental data for fatigue tests,
temperature measurement was performed by using an infrared ther-
mal camera (Infratec). The following temperature measurements cor-
respond to the maximum evaluated value along the wire. Regarding
the numerical model, the employed material parameters are listed
in Table 3. Some of the parameters were identified by experimental
characterization. The experimental tests and more details are presented
in Appendix. For the unidentified parameters, the values from literature
were used. The used input parameters (listed in Table 4).

Three main actuation parameters are here compared: total strain,
temperature and current.
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Table 4
Input model parameters.
Input model parameters Symbol (unit)

Mechanical parameters
Applied stress 𝜎 (MPa)
Wire diameter d (m)

Thermal exchange
Ambient temperature 𝑇0 (K)

Electrical parameters
Heating time HT (s)
Cooling time CT (s)
Maximum current i (A)

6.1. Thermal effects

Fig. 8 shows the temperature and current curves during 2 actuation
periods. The current values are similar between the experiment and
modeling. It is expected since the current input in the model was set to
be the same as for the experiment. The modeled temperature variation
presents a good correlation with the experimental data, regarding
the measured profile: first the Joule heating (represented by the fast
temperature rise), then the thermomechanical coupling (represented by
the ‘plateau’ sections in temperature) and the cooling by convection
(represented by the exponential decrease of the temperature). Such
evolution is as confirmation that the principal thermal phenomena were
introduced in the model.

Nevertheless, a major disparity in temperature is observed at the
end of the cooling time. This difference can be associated with two
main factors: the inaccurate convection coefficient value and the het-
erogeneous temperature distribution along the wire in the real case.
Regarding the last factor, during other experiments, a difference of
approximately 15 ◦C between the hottest and coolest points along the
wire length was found. This highlights the fact that the temperature
is not homogeneous along the wire. Since the acquired experimental
temperature corresponds to the maximum value for the all wire long,
it cannot reflect different thermal conditions along the wire.

This heterogeneity is also perceived in strain measurements (Fig. 9).
The experimental value for strain varies slowly when compared with
the model. Indeed, due to the temperature heterogeneity, the phase
transformation in the experiment is triggered at different moments
along the wire, therefore, the strain varies more gently when compared
with the model, for which only one integration point is considered
(a simplification for a homogeneous temperature distribution). Ad-
ditionally, the temperature vs. strain curves in Fig. 10 confirm this
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Fig. 8. Comparison between the simulated and the experimental results for the
temperature and current response during two actuation time periods. The model curves
are presented in plain lines and the experimental ones in dashed lines.

Fig. 9. Comparison between the simulated and the experimental results for the total
strain and current response during two actuation time periods. The model curves are
presented in plain lines and the experimental ones in dashed lines.

discrepancies source, despite the amount of total strain being well
captured by the model.

In summary, the model demonstrates a good correlation with the
experimental data. Some discrepancies were identified and they can be
associated with the non-consideration of the SMA wire volume effects
in the modeling. Nevertheless, as the model is to be implemented for
cyclic conditions, adding volume effects would increase considerably
the computation time. In the next section, the comparison between
model and experiments in a cyclic context is addressed.

6.2. Cyclic effects

This latest comparison is performed in order to evaluate the model-
ing results during the long-term use of the actuator. For this analysis,
the same experimental test as the one presented in the last section is
used, except for the HT, now defined as 0.55 s. The cyclic model param-
eters (𝑎𝑡𝑟, 𝑏𝑡𝑟) were evaluated from experimental tests and introduced
in the model.
11
Fig. 10. Comparison between the simulated and the experimental results for the
temperature vs. strain response during one actuation time period. The model curves
are presented in plain lines and the experimental ones in dashed lines.

Fig. 11. Comparison between the simulated and the experimental results for the
transformation strain degradation during 130k actuation cycles. The model curves are
presented in plain lines and the experimental ones in dots.

It is worth mentioning that during the cyclic testing, the acquisition
of the wire temperature was not performed. As the employed wire is
very thin and the experiments are very long (about 8 days long), the
use of thermocouples or infrared cameras did not reveal satisfactory.
Therefore, the temperature comparison will not be addressed here. The
comparison between experimental data and numerical simulations of
parameters 𝜀𝑟 and 𝜀𝑡𝑟 under FF loading are presented in Figs. 11–14.

Figs. 11 and 12, show that the degradation of the functional parame-
ters 𝜀𝑡𝑟 and 𝜀𝑟 are simulated with good accuracy by the proposed model.
Fig. 14 shows that the model is capable of reproducing the shakedown
state in an SMA actuator given its total number of thermal cycles.

Moreover, it can be noted that other cyclic mechanisms are also
developed in the simulation. One of them is the change in the trans-
formation temperature due to the internal stress accumulation [53], as
can be seen in Fig. 14. Another is the mean temperature evolution of
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Fig. 12. Comparison between the simulated and the experimental results for the
residual strain accumulation 130k actuation cycles. The model curves are presented
in plain lines and the experimental ones in dots.

Fig. 13. Comparison between the first and the last simulated actuation cycles (130k)
for the strain vs. temperature response. The first cycle behavior is presented in plain
line and the last cycle behavior in dashed line.

Fig. 14. Comparison between the first and the last simulated actuation cycles (130k)
for the strain and temperature response during one actuation time period. The first
cycle curves are presented in plain lines and the last cycle curves in dashed lines.
12
Fig. 15. Evolution of the average temperature during ten actuation time period at the
conditions HT = 0.4 s, CT = 0.8 s and 𝜎 = 100 MPa.

the wire due to the rate dependence (thermomechanical coupling). The
rate dependence is more evident in Fig. 15.

Conversely, some other aspects are also associated with the mi-
crostructure evolution of SMA during cyclic loading such as the re-
duction of the hysteresis area in the temperature vs. strain plot, the
flattening of the phase transformation energy peaks (reduction of the
latent heat amount for phase transformation) are not included in the
model. These features could be further integrated into the model once
the corresponding experimental data is available.

7. Conclusions

A constitutive model for SMA-based actuators exposed to long-
term use (an industrial scenario) was developed. For the proposed
modeling strategy, the most common actuation conditions were taken
into account to propose a suitable simulation.

For the first time, a model links the Joule heating effect, the FF
aspects, and the thermal exchange with surroundings to simulate the
output of an SMA actuator during its lifetime including the degradation
effects. For this purpose, well-known mechanisms active during cyclic
loading such as dislocation accumulation and residual stress-induced
martensite were first analyzed from experimental tests and inserted
in the modeling strategy inspired by the original work of Lagoudas
et al. [54]. Additionally, the thermomechanical interactions with the
surroundings were introduced by the addition of thermomechanical
coupling and heat exchange through the adequate heat equation.

The simulations of the implemented model in Python language
were compared with experimental data and a good correspondence was
found. The model was shown to be capable of reproducing the thermal
effects and the wire temperature evolution with good accuracy and
the FF with precision. In addition, an important feature, the thermo-
mechanical coupling resulting from the phase transformation was also
faithfully replicated in simulations, which ensured a greater precision
on the obtained results. Nevertheless, some modeling aspects can be
improved. To account for volume effects, a finite element strategy could
be implemented to reproduce the thermal profile along the wire length.
Furthermore, other material properties such as latent heat could be
incorporated into the model for a finer adjustment of the simulation.

Overall, the presented modeling provides a useful framework for
simulating and designing SMA actuators considering their whole lifes-
pan and the different phenomena involved in their actuation.
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ppendix. Material parameters identification

The aim of this section is to present readers the adopted methodol-
gy to identify the material parameters used on the validation of the
roposed model. First, phase transformation temperatures Ms, Mf, As,
f, Rs and Rf of the implemented wire were determined by differential
canning calorimetry (DSC). The results are shown in Fig. A.16.

This initial test allowed defining the testing condition for pseudo-
lastic (PP), superelastic (SE) and ASME loading paths. These tests were
erformed using a Zwick electromechanical testing machine (Zwick
050) equipped with an extensometer to measure the axial strain, with
thermal chamber (Zwick BW91250) to control the temperature 𝑇

surrounding the specimen and with a 500 𝑁 load cell to determine the
axial stress 𝜎.

For the ASME loading, a temperature rate of ± 4 ◦C/min was used.
hereas for the PP and SE loads, a low strain rate of 10−4/s was

mposed. For all tests, the wire temperature was measured by a K-type
hermocouple. Additionally, for the ASME tests, the electrical resistivity

Fig. A.16. Results of the DSC tests for the studied wire. The identified transformation
temperatures values are presented in the captions.
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Fig. A.17. Strain-temperature response under ASME loads for studied. The maximum
transformation strain (𝐻 𝑐𝑢𝑟), transformation temperatures (𝑀𝜎

𝑠 , 𝑀𝜎
𝑓 , 𝐴𝜎

𝑠 and 𝐴𝜎
𝑓 )

mounts are represented in the graphics.

Fig. A.18. Resistivity diagram. The plain curves represent resistivity response under
temperature variation for the two loading paths at 25 MPa and 500 MPa. The dashed
lines denote the resistivity vs. temperature response for the austenite and the stress-
induced martensite pure states. The corresponding parameters of the line equation are
given in the captions.

was evaluated through a four-wire lead measurement method (see [8]
for additional details about the adopted methodology).

The obtained results of the ASME loading are presented in two
figures (Figs. A.17 and A.18). Fig. A.17 presents the thermomechanical
response at four different load levels, while Fig. A.18 presents the
electrical response. The latter is also known as resistivity diagram, and
it presents the evolution of the characteristic electrical resistivity under
temperature variation. The linear stages (dashed lines) correspond to an
almost pure state of stress-induced martensite or austenite. From these
line segments it is possible to obtain the following parameters 𝜇𝐴, 𝜇𝑀 ,
𝜌𝐴 and 𝜌𝑀 .

The phase transformation temperature at the adopted stress levels
can also be collected from the ASME test. From this data, a phase
diagram can be established. The same is presented in Fig. A.19.

The thermoelastic parameters 𝐸𝐴, 𝐸𝑀 were obtained from PP and
SE tests. The experimental results are presented in Figs. A.20 and A.21.
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Fig. A.19. Phase diagram. The square markers represent the experimental points
evaluated from the AMSE test. The triangle markers represent the experimental points
evaluated from the DSC test. The dashed lines denote stress-temperature slopes for the
initiation and termination of the phase transformation. The corresponding parameters
of the slopes are given in the captions. The mean 𝐸𝐴 value is given in the caption.

Fig. A.20. Stress–strain response under SE loads for studied wire. The initiation stress
for forward transformation (𝜎𝑀𝑠 ), elastic modulus of the austenite phase (𝐸𝐴) are
represented in the graphics.

For each loading path, the Young’s modulus was evaluated by average
from different testing temperatures.

Finally, the convection coefficient (ℎ) was identified from a cooling
curve of a given experimental test shown in Fig. A.22. This coeffi-
cient was evaluated in two different stages where the major thermal
exchange was done by forced cooling only (without phase transforma-
tion). The first stage is between the hottest temperature and the start of
the forward phase transformation and the second is between the end of
the phase transformation and the ambient temperature. The coefficients
were numbered as 1 and 2, respectively.

By comparing the different cooling curves at three levels of ℎ it is
possible to note that the value of 350 W∕m2k was the best-suited value
for both cooling stages. Therefore, this is the adopted amount for this
parameter.
14
Fig. A.21. Stress–strain response under SE loads for studied wire. The elastic moduli
of the martensitic phase (𝐸𝑀 ) are represented in the graphics. The mean 𝐸𝑀 value is
given in the caption.

Fig. A.22. Illustration of the convection coefficient identification from a cooling
curve. The plain curve represents the experimental temperature vs. time response. The
bluish curves with the circle markers denote the fitting attempts before the phase
transformation while the reddish curves with stars markers denote the fitting attempts
after the phase transformation. The convection coefficients used at each fitting attempt
are given in the caption.
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